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Abstract: We give a prescription for the computation of loop-level scattering ampli-
tudes in pure Einstein gravity, and four-dimensional pure supergravities, using the color-
kinematics duality. Amplitudes are constructed using double copies of pure (super-)Yang-
Mills parts and additional contributions from double copies of fundamental matter, which
are treated as ghosts. The opposite-statistics states cancel the unwanted dilaton and axion
in the bosonic theory, as well as the extra matter supermultiplets in the supergravity theo-
ries. As a spinoff, we obtain a prescription for obtaining amplitudes in supergravities with
arbitrary non-self-interacting matter. As a prerequisite, we extend the color-kinematics
duality from the adjoint to the fundamental representation of the gauge group. We explain
the numerator relations that the fundamental kinematic Lie algebra should satisfy. We give
nontrivial evidence supporting our construction using explicit tree and loop amplitudes, as
well as more general arguments.
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1 Introduction
Recent progress in the understanding of scattering amplitudes has revealed many novel
mathematical structures that are hidden from the standard Lagrangian approach. One of
the new structures, discovered by Bern, Carrasco and one of the current authors [1, 2],
is a duality between the kinematic and color content of gauge theories. Amplitudes can
be constructed using kinematic numerators that satisfy Lie-algebraic relations mirroring
those of the color factors. This has both interesting practical and conceptual consequences.
It greatly simplifies the construction of loop amplitudes in (super-)Yang-Mills theory, and
more importantly, the duality relates multiloop integrands of (super-)Yang-Mills ampli-
tudes to those of (super-)gravity via a double-copy procedure. This has triggered a num-
ber of calculations and novel results in N ≥ 4 supergravity that are otherwise extremely
difficult to obtain [3–13].
While the duality is a conjecture for loop amplitudes, it is supported by strong evidence
through four loops in N = 4 SYM [2, 4, 14] and through two loops in pure Yang-Mills (YM)
theory [2, 15]. Additional evidence comes from the attempts to understand the kinematic
algebra [16–18] and the Lagrangian formulation [19, 20] of the duality. The appearance
of similar structures in string theory [21–30], Chern-Simons-matter theories [31–33], and,
more recently, scattering equations [18, 34–37] sheds light on the universality of the duality.
The color-kinematics duality was originally formulated for gauge theories with all fields
in the adjoint representation of the gauge group. The gravity theories that can be obtained
from the corresponding double copy of adjoint fields are known as “factorizable” [10, 38].
For N < 4 supersymmetry, such factorizable gravities have fixed matter content that goes
beyond the minimal multiplets required by supersymmetry, thus they are non-pure super-
gravities. While this limitation is of little consequence at tree level, for loop amplitudes
the inability to decouple or freely tune the extra matter content is a severe obstruction.
Many interesting gravity theories, such as Einstein gravity, pure N < 4 supergravity, or
supergravities with generic matter, have been inaccessible at loop level from the point of
view of color-kinematics duality. In contrast to this, the loop-level construction of pure
4 ≤ N ≤ 8 supergravities is well known [2, 5, 6].
Recently, the color-kinematics duality has been studied away from the case of purely-
adjoint gauge theories. The duality has been fleshed out in the context of quiver gauge
theories [38] (see also refs. [32, 33]), where fields are in the adjoint and bi-fundamental rep-
resentations. This construction of the color-kinematics duality stays somewhat close to the
adjoint case thanks to the theory formulation through orbifold projections of adjoint par-
ent theories. The resulting double-copy prescription of ref. [38] gave many non-factorizable
gravities, even if not pure supergravities.
In this paper, we eliminate the discussed limitations and formulate a double-copy
prescription for amplitude integrands in Einstein gravity, pure supergravity theories, and
supergravities with tunable non-self-interacting matter.1 This is achieved by introducing
the color-kinematics duality to gauge theories with matter fields in the fundamental rep-
1By “non-self-interacting matter” we mean no interactions beyond those required by general coordinate
invariance and supersymmetry; i.e. distinct matter supermultiplets do not interact directly with each other.
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resentation. We note that even at tree level, for four or more fundamental particles, the
double copy that follows from the fundamental color-kinematics duality is distinct from
the field-theory KLT relations [39, 40].
Our main task is to obtain amplitudes for pureN < 4 supergravities, including Einstein
gravity. To do this, we combine double copies of the adjoint and fundamental representa-
tions with a ghost prescription. The double copies of fundamental matter are promoted
to opposite-statistics states, which then cancel the unwanted matter content in the factor-
izable gravities or adjoint double copies. This construction critically relies on the double
copies of fermionic fundamental matter or supersymmetric extensions thereof. As a naive
alternative in the N = 0 case, the fundamental scalar double copy works at one loop, but
starting at two loops it produces interactions that no longer cancel the dilaton-axion states.
Although fundamental-scalar amplitudes appear to nontrivially satisfy the color-kinematics
duality, the corresponding double copies indicate that the gravity amplitudes are corrected
by four-scalar terms, and possibly higher-order interactions, which is consistent with the
analysis of ref. [41]. In the present paper, we limit ourselves to the scalars that are paired
up with fermions within supersymmetric multiplets.
While we do not provide a rigorous proof of our framework, we show its validity on
various example calculations through two loops, and we give a multiloop argument using
the effective R-symmetry of the tree amplitudes present in unitarity cuts. As a warm-
up, we discuss non-supersymmetric tree-level amplitudes. At one loop, we obtain several
duality-satisfying four-point numerators with internal fundamental matter. Using these,
we reproduce four-point one-loop N ≤ 4 supergravity amplitudes with external graviton
multiplets, with or without matter in the loop. As a highly nontrivial check at two loops,
we show in detail how our prescription cancels out the dilaton and axion in the unitarity
cuts of the four- and five-point two-loop amplitudes in Einstein gravity.
Interestingly, our approach directly generalizes to amplitudes in (super-)gravity the-
ories with arbitrary non-self-interacting matter: abelian vectors, fermions and scalars.
Indeed, once we obtain the tools to correctly subtract unwanted matter from loops, we
can reverse the procedure and instead add more matter, introducing tunable parameters
to count the number of matter states. This generalization has a simple intuitive under-
standing: the limited set of factorizable gravities can be attributed to the “straightjacket”
imposed by the purely-adjoint color-kinematics duality with its unique color representa-
tion. As soon as we relax this, and “complexify” the duality to include the fundamental
representation, we naturally gain access to a wider range of (super-)gravities. Indeed, this
observation is consistent with the quiver and orbifold constructions of ref. [38]. That said,
interesting gravitational matter amplitudes can also be obtained through adjoint double
copies [42, 43] that give an arbitrary amount of non-abelian vector multiplets.
This paper is organized as follows. We start section 2 by the general definition of
color-kinematics duality for the fundamental and adjoint representations, and proceed to
illustrate its validity in four- and five-point non-supersymmetric tree amplitudes. In that
part, we also introduce the relevant super-Yang-Mills (SYM) multiplets. In section 3, we
give the prescription for the double-copy construction of pure gravity theories, as well as
the arguments in its favor. In particular, in section 3.4, we show explicitly how it removes
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the dilaton and axion from the two-loop unitarity cuts in Einstein gravity. In section 3.5,
we give a multiloop argument based on the effective R-symmetry of the tree amplitudes
entering the unitarity cuts. After these nontrivial checks, in section 4, we find all the color-
dual four-point one-loop numerators for internal fundamental matter, and in section 5 we
use these numerators to reproduce all one-loop four-point supergravity amplitudes with
external graviton multiplets, with or without matter in the loop.
2 Color-kinematics duality in the fundamental representation
In this section, we describe the general approach for exposing color-kinematics duality in
scattering amplitudes of YM theories that have both adjoint and fundamental particles.
We start with a general formal setup, then give some concrete examples, and finish by
explicitly listing the states of the YM theories under consideration.
2.1 Kinematic numerators and color factors
It is convenient to write the amplitudes of D-dimensional (super-)Yang-Mills theory with
fundamental matter as2
AL-loopm = iL−1gm+2L−2
∑
i
∫
dLDℓ
(2π)LD
1
Si
nici
Di
, (2.1)
where the sum runs over all m-point L-loop graphs with trivalent vertices of two kinds,
(adj., adj., adj.) and (adj., fund., antifund.), corresponding to particle lines of two types:
adjoint vector and fundamental matter. For simplicity, each distinct assignment of vertices
and internal lines is denoted by a unique graph label, here called i. The color factors ci are
built out of products of structure constants f˜abc and generators T a
jk¯
matching the respective
vertices. Each denominator, Di, is a product of the squared momenta of all internal lines of
the graph, thus accounting for all the physical propagator poles. Si are the usual symmetry
factors that, for example, appear in Feynman diagrams. The numerators ni are functions
of momenta, polarizations and other relevant quantum numbers (excluding color).
An important property of the representation (2.1) is that the color factors satisfy linear
relations of the schematic form
ci − cj = ck , (2.2)
which originate from the Jacobi identity and the commutation relation for the generators
of the gauge group:
f˜dacf˜ cbe − f˜dbcf˜ cae = f˜abcf˜dce , (2.3a)
T ai¯ T
b
jk¯ − T bi¯ T ajk¯ = f˜abc T cik¯ . (2.3b)
These relations are illustrated in fig. 1. Note that we work with the normalization conven-
tion in which the right-hand side of eq. (2.3b) is free of factors of i and
√
2. Additionally,
we normalize the generators so that Tr(T aT b) = δab, which together with eq. (2.3b) implies
2We use a different numerator normalization compared to ref. [2]. Relative to that work, we absorb one
factor of i into the numerator, giving a uniform overall iL−1 to the gauge and gravity amplitudes.
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Figure 1: The kinematic algebra in the vector case (a) and in the fundamental matter case (b).
Curly lines represent gluons or vector supermultiplets, solid lines represents fermions, scalars or
supersymmetric matter. Alternatively, these diagrams describe standard Lie-algebra relations for
the color factors of the gauge group.
that f˜abc = Tr([T a, T b]T c) =
√
2ifabc, where fabc are the structure constants more com-
monly found in the literature. The above choices imply that the generators are hermitian,
(T ai¯)
∗ = T ajı¯, and the structure constants are imaginary
3 (f˜abc)∗ = −f˜abc.
The second property of the representation (2.1) is the Z2-freedom in the definition of
the color factors: the interchange of two adjoint indices of the same vertex amounts to a
flip in the overall sign of the color factor, i.e.
cj → −cj : (. . . f˜abc . . .)→ −(. . . f˜abc . . .) = (. . . f˜ bac . . .) . (2.4)
To streamline the notation, we adopt the convention that the interchange of a fun-
damental and an antifundamental leg also induces a sign flip of the color factors. This
amounts to introducing new generators T aı¯j that are trivially related to the standard ones:
T aı¯j ≡ −T ajı¯ . (2.5)
When the generators have suppressed superscripts, we write them as T
a ≡ (T a)ı¯j . With
this convention we note that a color factor picks up a minus sign whenever two legs attached
to a cubic vertex of any representation are interchanged. In practice, this means that we
can identify the relative sign of a vertex with the cyclic orientation of its three legs, thus
clockwise and counterclockwise orderings have different overall signs.
While we mainly consider matter particles to be in the fundamental representation of
the gauge group, it is sometimes convenient to work with adjoint matter. The latter is
obtained by simply swapping the generators as follows:
T ai¯ → f˜ bac with i→ b, ¯→ c . (2.6)
By applying this rule, one goes from a complex representation to a real one, which makes
the color factors of matter and antimatter fields indistinguishable from one another. Let
3Note that the choice of imaginary structure constants gives adjoint generators that are hermitian
(T aadj)bc = (T
a
adj)
∗
cb, where (T
a
adj)bc ≡ f˜
bac.
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Figure 2: A typical one-loop graph with external adjoint and internal fundamental particles.
us illustrate how this affects a one-loop amplitude in the form (2.1), as is relevant for the
explicit calculations of section 4.
Consider the one-loop “ring diagram” shown in fig. 2. Its color factor is
c12...m = Tr(T
a1T a2 . . . T am) ≡ T a1i¯ T a2jk¯ . . . T amlı¯ . (2.7)
Now consider the same diagram, but with the internal arrows reversed. Throughout this
paper, we will denote the operation of reversing fundamental matter arrows (matter ↔
antimatter) by a bar, hence the corresponding color factor is given by
c12...m = Tr(T
a1T
a2 . . . T
am
) ≡ T a1ı¯j T a2j¯k . . . T aml¯i = (−1)m Tr(T am . . . T a2T a1) . (2.8)
These two diagrams have the same propagators but different color factors. However, if we
promote them to the adjoint representation using the rule (2.6), both color factors (2.7)
and (2.8) are mapped to the same object
cadj12...m = f˜
ba1cf˜ ca2d . . . f˜ eamb . (2.9)
Since the two graphs have now identical color factors, it is natural to repackage them as
follows:
c12...mn12...m + c12...mn12...m −→ cadj12...m(n12...m + n12...m) ≡ cadj12...mnadj12...m , (2.10)
where n12...m denotes the antimatter contribution, and n
adj
12...m defines an effective numer-
ator for adjoint matter inside the loop. As can be easily verified, for generic one-loop
numerators with adjoint external states and internal matter, the same convenient relation
exists between the fundamental and adjoint contributions,
nadji = ni + ni . (2.11)
In the case that the matter multiplet is effectively non-chiral, implying that ni is CPT-
invariant and ni = ni from the start, eq. (2.10) gives a numerator from a non-minimal
adjoint-matter multiplet. Then the definition nadji = ni = (ni + ni)/2 may be more conve-
nient to use, since it gives the minimal-multiplet contribution.
Returning to the general multiloop amplitude, we note that thus far the formula (2.1)
is a trivial rewrite of standard (super-)Yang-Mills perturbation theory. The only minor
change is that we have implicitly absorbed the quartic interactions into the cubic graphs.
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=Figure 3: An additional two-term kinematic identity that can be imposed on the numerators for
indistinguishable fermions in spacetime dimensions D = 3, 4, 6, 10, or for indistinguishable complex
scalars in any dimension. However, this relation is not mandatory for the color-kinematics duality.
In fact, the corresponding color factors will in general not satisfy this relation.
To expose a duality between color and kinematics [1, 2], we need to enforce nontrivial
constraints on the kinematic numerators, effectively making them behave as objects of
a kinematic Lie algebra. In particular, we demand that the numerator factors obey the
algebraic relations that are ubiquitous for color factors of any Lie algebra. Namely, the
Jacobi/commutation relations (2.2) and the antisymmetry (2.4) under the interchange of
legs attached to a single vertex. These imply dual relations schematically written as follows:
ni − nj = nk ⇔ ci − cj = ck , (2.12a)
ni → −ni ⇔ ci → −ci . (2.12b)
For every such three-term color identity, there is a corresponding kinematic numerator
identity, and for each sign flip in a color factor, there is a corresponding sign flip in the
kinematic numerator.
Note that the three-term identities for numerators take the same pictorial form as the
Lie-algebra identities for color factors, as shown in fig. 1. However, they now represent the
kinematic constraints that can be consistently imposed on the interactions involving not
only adjoint but also fundamental particles. That these constraints are consistent with the
amplitudes of various (super-)Yang-Mills theories is highly nontrivial. In the purely-adjoint
case, the constraints lead to so-called BCJ relations between tree-level amplitudes, which
have been proven in the context of string [21, 22] and field theory [34, 44–46].
In addition to the three-term Jacobi/commutation identities, we find that we can
impose a nontrivial two-term constraint, shown in fig. 3, valid for fundamental matter nu-
merators in particular situations. For the four-point pure-matter amplitude, corresponding
to the diagrams in fig. 3, the identity is simply
nt = ns , (2.13)
where nt and ns are the t- and s-channel kinematic numerators, respectively. For indis-
tinguishable complex scalars, whose Lagrangian includes both the minimal coupling to
the gauge field and a quartic-scalar term (see appendix A), the two-term identity holds
in any spacetime dimension. It is also applicable for indistinguishable minimal-Lorentz-
representation fermions in D = 3, 4, 6, 10 dimensions. This can be shown by considering
the real or non-chiral version of the two-term identity, i.e. by converting between complex
and real scalars, or Weyl and Majorana fermions. For a real scalar, the identity becomes
equivalent to the adjoint Jacobi relation for kinematic numerators, which holds at tree
– 7 –
level because the (YM + scalar)-theory is equivalent to pure YM theory in the higher-
by-one spacetime dimension. For the non-chiral (Majorana) fermion, the identity again
becomes equivalent to the adjoint Jacobi relation for kinematic numerators, which holds
in D = 3, 4, 6, 10 due to a Fierz identity, as shown in ref. [38], where the numerators and
amplitudes belong to N = 1 SYM theory.
Although this identity can be consistently imposed in, say, D = 4, it is actually not
necessary for obtaining an amplitude that satisfies the color-kinematics duality. Without
going into details, this can be seen from the observation that the corresponding color factors
will in general not satisfy this relation. In terms of the generators, it would correspond to
T ai¯T
a
kl¯
?
= T ail¯T
a
k¯ . (2.14)
Although fundamental representations of generic gauge groups do not obey this relation,
the generator of U(1) does, as well as generators of particular tensor representations of
U(N).4 A sufficient condition for exhibiting color-kinematics duality is that the kinematic
numerators obey the same general relations as the color factors. Since eq. (2.14) is not a
general identity, imposing it on the numerators is optional. Indeed, for fermion amplitudes
in general spacetime dimension, the rule (2.13) would be inconsistent. For the purpose
of dimensional regularization, where D = 4 − 2ǫ, we also do not want to rely on a four-
dimensional identity.
An important feature of the amplitude representation (2.1) is its non-uniqueness. As
the numerators of individual diagrams are not gauge-invariant, they have a shift freedom
that leaves the amplitude invariant. It is known as generalized gauge invariance [1, 2].
More precisely, a shift of the numerators ni → ni + ∆i does not change the amplitude,
provided that ∆i satisfy ∑
i
∫
dLDℓ
(2π)DL
1
Si
∆ici
Di
= 0 . (2.15)
The duality conditions (2.12) constrain to some extent the freedom of the numerators, but
not entirely. The remaining freedom to move terms between different diagrams means that
there usually exist many different amplitude representations that obey color-kinematics du-
ality. This can be useful for finding representations that make various properties manifest.
But more importantly, generalized gauge invariance provides a guidance for constructing
gravity amplitudes out of the gauge-theory numerators. Any prescription for this must
preserve the generalized gauge invariance: the gravity amplitudes cannot depend on the
arbitrariness of the gauge-theory numerators. We will use this fact in section 3.3.
In general, we know that the color-kinematics duality provides a simple method [1, 2]
for constructing gravity amplitudes via a double copy of the numerators:
ML-loopm = iL−1
(κ
2
)m+2L−2∑
i
∫
dLDℓ
(2π)DL
1
Si
nin
′
i
Di
, (2.16)
where the gravity theory is determined by the choice of a pair of two gauge theories,
encoded in the numerators ni and n
′
i. An alternative way [5] to think of this prescription
4For example, consider the symmetric (antisymmetric) part of the N ⊗N representation of U(N) with
generators T˜ aβγ¯ = Tr(MβT
aM∗γ ), where Mβ form a basis of symmetric (antisymmetric) N-by-N matrices.
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is to take the gauge-theory amplitude (2.1) and replace ci → n′i. For this to be consistent,
n′i must satisfy the same general algebraic relations as ci, i.e. the numerators must obey
color-kinematics duality. However, it is known that the ni in eq. (2.16) need not satisfy
the duality [2, 19]. In section 3, we will present a generalization of eq. (2.16) specific to
pure gravity theories, and also explain how one can generalize the replacement ci → n′i to
get gravity amplitudes with generic non-self-interacting matter.
2.2 Some concrete examples
In order to make the discussion in the previous section more concrete, and to connect to the
standard Feynman diagram expansion, here we give examples of color-kinematics duality
for two simple tree-level amplitudes.
2.2.1 Four-point tree amplitudes
Consider the four-quark tree-level amplitude in QCD, qq¯qq¯, where we set the quark masses
to zero. If we take legs 1 and 3 to be quarks and legs 2 and 4 to be antiquarks and do not
distinguish between flavors, then the amplitude is the sum of the following two Feynman
diagrams:
1−, i
2+, ¯ 3−, k
4+, l¯
= −i T ai¯T akl¯
〈13〉[24]
s
= −icsns
s
,
1−, i
2+, ¯ 3−, k
4+, l¯
= −i T ail¯T ak¯
〈13〉[24]
t
= −ictnt
t
.
(2.17)
Here and below, we use the standard notation for spinor products and the Mandelstam
invariants:
sij ≡ (ki + kj)2 = 〈ij〉[ji] , s ≡ (k1 + k2)2 , t ≡ (k2 + k3)2 , u ≡ (k1 + k3)2 . (2.18)
An important property of the above amplitude is that the corresponding u-channel
diagram cannot be constructed from Feynman rules. It is kinematically zero because of
the external helicity choices, and similarly forbidden because the color state of the u-
channel state has no overlap with the adjoint representation. This meshes well with the
fact that these diagrams comprise a representation where kinematics is dual to color. That
the Feynman rules land exactly on such a representation is a somewhat accidental property
of the particularly simple amplitude, and it can be traced back to the gauge invariance
of the individual diagrams. Indeed, there exist no (generalized) gauge freedom that can
shuffle terms between the two numerators. This is clear if we consider the quarks to have
two different flavors, e.g. qq¯q′q¯′. Then only the first of the above diagrams is allowed in
the amplitude and thus must be gauge invariant by itself.
Let us take a step back and carefully check that we have an amplitude representation
of the form described in the previous section. First of all, as the only adjoint particle is
the intermediate gluon, neither of the two identities of the kinematical algebra (shown in
fig. 1) is applicable. However, we do have the option to enforce the two-term identity in
– 9 –
1−+
2+− 3−+
4+−
=
1−
2+ 3−
4+
×
1+
2− 3+
4−
+
1−
2+ 3−
4+
×
1+
2− 3+
4−
Figure 4: A double copy (2.22) of diagrams that obeys the color-kinematics duality in the fun-
damental representation. It gives a four-scalar amplitude with gravitational interactions.
D = 4. But since the numerators are already unique, the identity should be automatically
true. Indeed, looking at the two numerators we have
ns = 〈13〉[24] = nt . (2.19)
This example may seem trivial on the YM side, but it is highly nontrivial that one can
now construct gravity amplitudes using these numerators. For example, the four-photon
amplitude5 is given by
M tree4 (1
−
γ , 2
+
γ , 3
−
γ , 4
+
γ ) = −i
n2s
s
− in
2
t
t
= −i〈13〉2[24]2
(1
s
+
1
t
)
. (2.20)
And if we have two types of U(1)-vectors, say γ and γ′, we have the following amplitude
M tree4 (1
−
γ , 2
+
γ , 3
−
γ′ , 4
+
γ′) = −i
n2s
s
= −i〈13〉2[24]2 1
s
, (2.21)
simply obtained by removing the t-channel graph.
There are many interesting generalizations of these amplitudes, including fermionic
states, but let us now focus on the amplitudes that will be relevant for obtaining pure
Einstein gravity. We are interested in the “impurities” that come from dilaton and axion
amplitudes. Since these particles are scalars, their amplitudes have no helicity weights,
and the double copies should then be such that the external helicities are anticorrelated,
as shown in fig. 4. The amplitude in that figure is given by
M tree4 (1
−+
ϕ , 2
+−
ϕ , 3
−+
ϕ , 4
+−
ϕ ) = −i
nsns
s
+ i
ntnt
t
= −iu2
(1
s
+
1
t
)
= i
u3
st
, (2.22)
where, as before, ni are the numerators in eq. (2.17) with conjugated matter and antimatter.
Indeed, the states in the amplitude (2.22) correspond to a complex scalar ϕ−+ that
can be understood as a linear combination of the dilaton and axion, ϕ−+ ∼ φ + ia, and
similarly for the complex conjugate ϕ+− ∼ φ− ia. If we have two different complex scalars,
ϕ and ϕ′, then we can have the following amplitude by removing the t-channel graph:
M tree4 (1
−+
ϕ , 2
+−
ϕ , 3
−+
ϕ′ , 4
+−
ϕ′ ) = −i
nsns
s
= −iu
2
s
. (2.23)
As will be crucial for us in the following, these dilaton-axion amplitudes were con-
structed by taking double copies of quark states. This is not the conventional way, as most
5We use plain M to denote gravity amplitudes with omitted factors of κ/2, i.e. κ = 2.
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1−
2+ 3−
4+
×
1+
2− 3+
4−
=
1−
2+ 3−
4+
×
1+
2− 3+
4−
+
1−
2+ 3−
4+
×
1+
2− 3+
4−
+
1−
2+
3−
4+
×
1+
2−
3+
4−
Figure 5: An equality between two different double copies: with two distinct fermion lines and
with a single fermion line. Note that the propagators are implicitly included in this identity, and
the t- and u-channel poles on the second line are spurious.
often we think of dilaton-axion amplitudes as arising in the double copy of YM amplitudes
with only gluon states, corresponding to states with polarization tensors ε+−µν = ε
+
µ ε
−
ν ,
ε−+µν = ε
−
µ ε
+
ν . In particular, in the KLT formalism [39], we would obtain the gravity am-
plitude in eq. (2.22) as a product of color-ordered gluon amplitudes:
M tree4 (1
−+
ϕ , 2
+−
ϕ , 3
−+
ϕ , 4
+−
ϕ ) = −isAtree4 (1−g , 2+g , 3−g , 4+g )Atree4 (2−g , 1+g , 3+g , 4−g ) = i
u3
st
, (2.24)
which gives the same result as our construction in eq. (2.22). Similarly, one can build the
amplitude in eq. (2.23) through the double copy of gluons and a single fermion pair, either
using the KLT prescription or the color-kinematics duality for adjoint and fundamental
particles. The KLT formula gives
M tree4 (1
−+
ϕ , 2
+−
ϕ , 3
−+
ϕ′ , 4
+−
ϕ′ ) = −isAtree4 (1−f , 2+f , 3−g , 4+g )Atree4 (2−f , 1+f , 3+g , 4−g ) = −i
u2
s
, (2.25)
which again agrees with eq. (2.23). Since the KLT approach is equivalent to the tree-level
adjoint color-kinematics double copy, we have an interesting equality between the double
copies of a single diagram (2.23) and a triplet of diagrams, as is illustrated in fig. 5.
For amplitudes with a single fermion pair, one can take the fermions either in the
adjoint or in the fundamental representation, and the color-kinematics duality and double-
copy construction work in the same way for both cases. This, together with the identity
in fig. 5, explains why we were able to obtain the four-point amplitudes from both the
KLT approach and the fundamental color-kinematics duality. However, in general, at
higher points, the KLT formula [39, 40] will not be able to reproduce the wide range of
gravitational interactions that can be obtained from the double copy of diagrams satisfying
the fundamental color-kinematics duality. This is because the latter approach should admit
an unlimited number of distinguishable (chiral) matter particles (see section 3.2), whereas
the KLT formula should be limited to the double-copy spectrum of the adjoint states
naturally occurring in SYM theories.
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2.2.2 Five-point tree amplitudes
The ease of constructing four-point gravity amplitudes is no coincidence. Let us add
another particle to the picture, a gluon, and observe how the double-copy structure gen-
eralizes. For easier bookkeeping, we first assume that the quarks have distinct flavors, so
the process is of the following type: qq¯q′q¯′g. There are only five nonvanishing tree-level
diagrams that can be constructed from Feynman rules. For completeness, we give all five
contributions:
1−, i2+, ¯
3−, k 4+, l¯
5, a =
i√
2
1
s15s34
T aim¯T
b
m¯T
b
kl¯ 〈1|ε5|1+5|3〉[24] = −i
c1n1
D1
, (2.26a)
1−, i2+, ¯
3−, k 4+, l¯
5, a = − i√
2
1
s25s34
T bim¯T
a
m¯T
b
kl¯ 〈13〉[2|ε5 |2+5|4] = −i
c2n2
D2
, (2.26b)
1−, i2+, ¯
3−, k 4+, l¯
5, a =
i√
2
1
s12s35
T bi¯T
a
km¯T
b
ml¯ 〈1|3+5|ε5|3〉[24] = −i
c3n3
D3
, (2.26c)
1−, i2+, ¯
3−, k 4+, l¯
5, a = − i√
2
1
s12s45
T bi¯T
b
km¯T
a
ml¯ 〈13〉[2|4+5|ε5 |4] = −i
c4n4
D4
, (2.26d)
1−, i2+, ¯
3−, k 4+, l¯
5, a =
i√
2
1
s12s34
f˜abcT bi¯T
c
kl¯
(
〈1|ε5|2]〈3|5|4] − 〈1|5|2]〈3|ε5 |4]
− 2〈13〉[24]((k1+k2)·ε5)
)
= −ic5n5
D5
.
(2.26e)
The amplitude is the sum of these five diagrams.
In eq. (2.26), we defined five color factors ci that satisfy two Lie algebra identities:
c1 − c2 = −c5 ⇔ T aim¯T bm¯T bkl¯ − T bim¯T am¯T bkl¯ = −f˜abcT bi¯T ckl¯ , (2.27a)
c3 − c4 = c5 ⇔ T bi¯T akm¯T bml¯ − T bi¯T bkm¯T aml¯ = f˜abcT bi¯T ckl¯ . (2.27b)
For the amplitude to satisfy the color-kinematics duality, it is necessary that the kinematic
numerators ni obey the corresponding identities n1 − n2 = −n5 and n3 − n4 = n5. As we
are not yet probing the four-gluon vertex, it turns out that these identities automatically
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hold for the above Feynman diagrams, provided the gluon polarization vector is transverse.
This can be verified using some spinor algebra involving Schouten identities, for instance:
〈1|ε5|1+5|3〉[24]+〈13〉[2|ε5 |2+5|4] = −〈1|ε5|2]〈3|5|4]+〈1|5|2]〈3|ε5 |4]+ 2〈13〉[24]((k1+k2)·ε5) .
(2.28)
This five-point amplitude is an interesting example of the interplay between the color-
kinematics duality with fundamental particles and the (generalized) gauge invariance. Note
that the appearance of the kinematical Lie algebra identities is correlated with the fact
that the five-point numerators are allowed to be gauge dependent. We can see this by
parameterizing the polarization vectors with a reference momentum qµ. If we specialize to
the case of the plus-helicity gluon, so that εµk+ = 〈q|γµ|k]/(
√
2〈qk〉), we obtain
n1 = −〈13〉[24]〈q|1|5]〈q5〉 , (2.29a)
n2 = 〈13〉
(
[24]
〈q|2|5]
〈q5〉 + [25][54]
)
, (2.29b)
n3 = −〈13〉[24]〈q|3|5]〈q5〉 , (2.29c)
n4 = 〈13〉
(
[24]
〈q|4|5]
〈q5〉 − [25][54]
)
, (2.29d)
n5 = −n1 + n2 = n3 − n4 . (2.29e)
These numerators explicitly carry a nontrivial dependence on qµ.
Note that if all four quarks had the same flavor, qq¯qq¯g, as in section 2.2.1, we would
have to include five more diagrams with fermion lines stretching between 4+ and 1− and
between 2+ and 3−. Not surprisingly, they can be obtained from the diagrams in eq. (2.26)
by relabeling 1 ↔ 3. However, by the two-term identity (fig. 3), four of these numerators
can be directly identified with those in eq. (2.29):
n6 ≡ −n1
∣∣
1↔3
= n3,
n7 ≡ −n2
∣∣
1↔3
= n2,
n8 ≡ −n3
∣∣
1↔3
= n1,
n9 ≡ −n4
∣∣
1↔3
= n4,
n10 ≡ −n5
∣∣
1↔3
,
(2.30)
where the negative signs come from swapping the fermions 1 ↔ 3. By combining the Lie
algebra identities and the two-term identities, one can then also express n10 in terms of
the previously given numerators, n10 = −n3 + n2 = n1 − n4.
Now, let us construct gravity amplitudes. As before, we can easily construct a four-
photon one-graviton amplitude
M tree5 (1
−
γ , 2
+
γ , 3
−
γ , 4
+
γ , 5
++
h ) = −i
10∑
i=1
n2i
Di
, (2.31)
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as well as a four-scalar one-graviton amplitude
M tree5 (1
−+
ϕ , 2
+−
ϕ , 3
−+
ϕ , 4
+−
ϕ , 5
++
h ) = −i
10∑
i=1
nini
Di
. (2.32)
Moreover, one can verify that, in analogy with eqs. (2.21) and (2.23), taking just
the five first diagrams (2.26) results in the gauge-invariant amplitude that corresponds to
gravitational interactions of two distinguishable scalars:
M tree5 (1
−+
ϕ , 2
+−
ϕ , 3
−+
ϕ′ , 4
+−
ϕ′ , 5
++
h ) = −i
5∑
i=1
nini
Di
. (2.33)
The same procedure can be done for the photon amplitude (2.31).
At five points, the number of distinct matter particles is still quite small, so we can
reproduce the above amplitudes by applying the KLT relation [39] in different ways:
M tree5 (1, 2, 3, 4, 5) = i
(
s12s34A
tree
5 (1, 2, 3, 4, 5)A
tree
5 (2, 1, 4, 3, 5)
+ s13s24A
tree
5 (1, 3, 2, 4, 5)A
tree
5 (3, 1, 4, 2, 5)
)
.
(2.34)
Using this formula, one can easily check that eqs. (2.31), (2.32) and (2.33) are indeed true.
Having considered these explicit tree-level examples of the color-kinematics duality for
fundamental matter, we can now proceed to discussing formal aspects of how we treat
supersymmetric YM theories with fundamental matter multiplets.
2.3 On-shell spectrum and supermultiplets
The goal of this section is to package on-shell states of SYM theories into their supermulti-
plets: a vector multiplet VN , as well as a chiral ΦN and an antichiral ΦN matter multiplet.
They respectively belong to the adjoint, fundamental and antifundamental representations
of the gauge group.
From now on, we use the same letters for on-shell states and their fields, e.g., A± for
the helicity states of gluons. Moreover, we denote on-shell Weyl fermions by λ± or ψ±,
depending on whether they belong to a vector or a matter multiplet, respectively. Similarly,
the vector-multiplet scalars are denoted by ϕ and the matter-multiplet ones by φ.
Perhaps the best starting point for understanding the spectrum of massless gauge
theories is the on-shell supermultiplet of N = 4 SYM [47, 48]. Using standard auxiliary
Grassmann variables ηA, this vector multiplet can be expressed as a super-wave function
VN=4 = A
+ + λ+Aη
A +
1
2
ϕABη
AηB +
1
3!
ǫABCDλ
A
− η
BηCηD +A−η
1η2η3η4 , (2.35)
where the R-symmetry indices transform in the fundamental representation of SU(4), and
ǫABCD is the Levi-Civita tensor. The N = 4 vector multiplet is by necessity non-chiral in
contrast with the lower supersymmetry cases. Nevertheless, lower supersymmetric multi-
plets are direct truncations of this one.
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The on-shell vector multiplets for reduced supersymmetry are divided into a chiral
multiplet VN and an antichiral one V N . For N = 2, 1, 0 they are explicitly:
VN=2 = A
+ + λ+Aη
A + ϕ12η
1η2 , V N=2 = ϕ
12 + ǫABλ
A
−η
B +A−η
1η2 ,
VN=1 = A
+ + λ+η1 , V N=1 = λ− +A−η
1 ,
VN=0 = A
+ , V N=0 = A− ,
(2.36)
where SU(2) indices A,B = 1, 2 are inherited from SU(4) R-symmetry and are raised and
lowered using ǫAB. We find it convenient to assemble these chiral vector multiplets into a
single non-chiral multiplet
VN = VN + V N θ , (2.37)
where we introduced an auxiliary parameter θ defined as
θ =
4∏
A=N+1
ηA . (2.38)
It is nilpotent, θ2 = 0, and commuting or anticommuting for an even or odd number of
supersymmetries, respectively.
While the non-chiral multiplets (2.37) do not increase the supersymmetry with respect
to their chiral constituents, they do make it possible for a more uniform treatment of the
components of the N = 2, 1, 0 scattering amplitudes by assembling its full state depen-
dence into a single generating function A(ki, η
A
i , θi). For example, the m-point MHV tree
amplitude in N < 4 SYM theories can be written as
AMHV,treem (ki, η
A
i , θi) = i
δ(2N )(Q)
∑m
i<j θiθj 〈i j〉4−N
〈1 2〉 〈3 4〉 . . . 〈m 1〉 , (2.39)
where θ’s mark the external legs that belong to the V N multiplet and η’s encode the on-shell
supersymmetry inside both multiplets. We define the delta function of the supermomentum
QAα =
∑
i |i〉αηAi as
δ(2N )(Q) = (−1)⌈N/2⌉
N∏
A=1
m∑
i<j
ηAi 〈i j〉 ηAj , (2.40)
where a sign factor is included so that the gluon components in eq. (2.39) have standard
normalizations in the N = 1, 2 cases.
All vector multiplets discussed so far, whether chiral or non-chiral, belong to the adjoint
representation of the gauge group. For the matter content, on the other hand, one can
choose between the adjoint, fundamental or antifundamental representations. The last two
choices naturally define the chiral matter multiplet ΦN and the antichiral one ΦN . For
N = 2, 1 they are explicitly
(ΦN=2)i = ψ
+
i + φAiη
A + ψ−i η
1η2 , (ΦN=2)ı¯ = ψ
+
ı¯ + ǫAB φ
A
ı¯ η
B + ψ−ı¯ η
1η2 ,
(ΦN=1)i = ψ
+
i + φi η
1 , (ΦN=1)ı¯ = φı¯ + ψ
−
ı¯ η
1 .
(2.41)
Note that although the two N = 2 matter multiplets have similar states, they are distinct
and belong to different group representations, as emphasized by the explicit color indices.
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Field +1 +12 0 −12 −1 Field +12 0 −12 Field +12 0 −12
VN=4 1 4 6 4 1 ΦN=2 1 2 1 ΦN=2 1 2 1
VN=2 1 2 2 2 1 ΦN=1 1 1 0 ΦN=1 0 1 1
VN=1 1 1 0 1 1 ΦN=0 1 0 0 ΦN=0 0 0 1
VN=0 1 0 0 0 1 ΦscalarN=0 0 1 0 ΦadjN=2 1 2 1
Table 1: Summary of the particle and helicity content of the various on-shell YM supermultiplets
considered in this paper.
Non-supersymmetric matter can either be a chiral Weyl fermion or a complex scalar:
(ΦN=0)i ≡ (ΦfermionN=0 )i = ψ+i , (ΦN=0)ı¯ ≡ (Φ
fermion
N=0 )ı¯ = ψ
−
ı¯ ,
(ΦscalarN=0 )i = φi , (Φ
scalar
N=0 )ı¯ = φı¯ .
(2.42)
We take Weyl fermions to be the default N = 0 matter multiplets. With this choice, the
formalism for constructing pure supergravities will be uniform for any value of N .
For completeness and for later use, we remark that if the chiral and antichiral N = 1
multiplets (2.41) are put in the adjoint representation of the gauge group (or any real rep-
resentation) it is convenient to combine them into a non-chiral minimal N = 2 multiplet.6
After relabeling the scalar fields, we have
ΦN=1 +ΦN=1 η
2 → ΦadjN=2 = ψ+ + φAηA + ψ−η1η2 . (2.43)
Likewise, the non-supersymmetric chiral fermion matter can be promoted to a Majorana
fermion, and the fundamental complex scalar becomes equivalent to two real scalars, all in
the adjoint representation.
Finally, in table 1 we collect the particle and helicity content of all discussed YM
supermultiplets. The explicit interactions of the fundamental multiplets are summarized
in appendix A.
3 Construction of pure gravity theories
In this section, we address the problem of constructing pure (super-)gravity theories with
N < 4 supersymmetry. Such theories are “non-factorizable”, meaning that their loop
amplitudes cannot be constructed by squaring, or double copying, numerators of pure
(super-)Yang-Mills theories. However, remarkably, pure gravity amplitudes can be obtained
from non-pure YM theory, as we show next.
6Indeed, this matter multiplet is often called “N = 1 chiral” in the literature on scattering amplitudes.
To avoid confusion with the fundamental chiral multiplets, here we prefer to call it “N = 2 adjoint.”
Furthermore, for simplicity, we choose to not use the word “hypermultiplet”.
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SUGRA tensoring vector states ghosts = matter ⊗matter
N = 0+0 Aµ⊗Aν = hµν ⊕ φ⊕ a (ψ+⊗ψ−)⊕ (ψ−⊗ψ+) = φ⊕ a
N = 1+0 VN=1⊗Aµ =HN=1 ⊕ ΦN=2 (ΦN=1⊗ψ−)⊕ (ΦN=1⊗ψ+) = ΦN=2
N = 2+0 VN=2⊗Aµ =HN=2 ⊕ VN=2 (ΦN=2⊗ψ−)⊕ (ΦN=2⊗ψ+) = VN=2
N = 1+1 VN=1⊗VN=1 =HN=2 ⊕ 2ΦN=2 (ΦN=1⊗ΦN=1)⊕ (ΦN=1⊗ΦN=1) = 2ΦN=2
N = 2+1 VN=2⊗VN=1 =HN=3 ⊕ VN=4 (ΦN=2⊗ΦN=1)⊕ (ΦN=2⊗Φ+N=1) = VN=4
N = 2+2 VN=2⊗VN=2 =HN=4 ⊕ 2VN=4 (ΦN=2⊗ΦN=2)⊕ (ΦN=2⊗ΦN=2) = 2VN=4
Table 2: Pure gravities are constructed from states that are double copies of pure SYM vectors,
and similarly ghosts from matter-antimatter double copies. For compactness, pairs of chiral vectors,
or pairs of chiral matter multiplets, are combined into non-chiral real multiplets. The N = 2 + 0
and N = 1 + 1 cases should give alternative constructions of the same pure N = 2 supergravity.
3.1 Double copies of physical states
We define the following tensor products of the adjoint and fundamental on-shell states in
SYM theories with N - and M-extended supersymmetry:
factorizable graviton multiplet : HN+M ≡ VN ⊗ V ′M , (3.1a)
gravity matter : XN+M ≡ ΦN ⊗ Φ′M , (3.1b)
gravity antimatter : XN+M ≡ ΦN ⊗ Φ′M , (3.1c)
where we take 0 ≤ N ≤ 2 and 0 ≤ M ≤ 2, so that XN+M is either a vector multiplet
VN+M, or a lower-spin matter multiplet ΦN+M. These are the states that naturally appear
in the double copies of amplitudes that obey the color-kinematics duality for adjoint and
fundamental particles.
The factorizable graviton multiplet (3.1a), naturally obtained in the adjoint double
copy (2.16), is characteristic of some supergravity theory, but it is not the spectrum of
a pure supergravity theory. Indeed, H is reducible into the (non-chiral) pure graviton
multiplet H and a (chiral) complex matter multiplet X:
HN+M ≡ VN ⊗ V ′M = HN+M ⊕XN+M ⊕XN+M . (3.2)
For example, in the bosonic case the double copy reduces to the graviton, dilaton and axion:
Aµ ⊗ Aν = hµν ⊕ ϕ+− ⊕ ϕ−+ with ϕ ∼ φ + ia. This and other cases are explicitly listed
in table 2. While this reduction is easy to carry out for the on-shell asymptotic states, the
same is not true for the off-shell internal states that are obtained from the double-copy
construction (2.16). The reason is that the double copies of gluons Aµ ⊗ Aν are difficult
to decompose since amplitudes have no free Lorentz indices, or, alternatively, reducing the
product using little-group indices would break Lorentz invariance of the off-shell states.
Instead, we propose to use the fact that multiplets X and X appear not only in the
product (3.2) of the adjoint vectors but also as the fundamental matter double copy in
eqs. (3.1b) and (3.1c). This will let us take the factorizable graviton multiplet H and mod
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out by X and X . To do that, we will promote the matter double copies X and X to be
ghosts, i.e. opposite-statistics states.7
First of all, let us do some simple counting of the on-shell degrees of freedoms to
show that it is indeed the same X, X that appear in eqs. (3.1) and (3.2). For this, we
add the bosonic and fermionic counts of states in the multiplets. To start with, note
that all minimal (chiral) supermultiplets with N -extended supersymmetry have exactly
2N states (e.g. see eqs. (2.36) and (2.41)) in four dimensions. Therefore, non-chiral pure
vector and graviton multiplets have twice as many states, 2N+1, except for the maximally-
supersymmetric multiplets that we do not consider here. For example, pure YM theory
and Einstein gravity both have N = 0, so they both contain 20+1 = 2 physical states: the
two on-shell gluons or gravitons. For this bosonic case, eq. (3.2) becomes
4 = 2⊗ 2 = 2⊕ 1⊕ 1 , (3.3)
where the right-hand side represents the two gravitons, dilaton and axion, or rather the
mixed dilaton-axion states ϕ+− and ϕ−+ introduced in section 2.2.1. In that picture, X
can be thought of as ϕ+− = A+⊗A−. For a general 0 ≤ N ,M≤ 2 supersymmetric theory,
eq. (3.2) becomes
2N+M+2 = 2N+1 ⊗ 2M+1 = 2N+M+1 ⊕ 2N+M ⊕ 2N+M . (3.4)
Indeed, the right-hand side represents the pure graviton multiplet in N +M supergrav-
ity plus two minimal (chiral) matter multiplets in the same theory. Clearly, the matter
multiplet X defined in eq. (3.1b) has the same state counting,
2N+M = 2N ⊗ 2M , (3.5)
and similarly for X. In the bosonic case, we have 1 = 1 ⊗ 1, which now implies that
X = ϕ+− = ψ+ ⊗ ψ−, where ψ+, ψ− are on-shell Weyl fermions.
In this way, we have shown that simple counting is consistent with our recipe for
obtaining the pure graviton multiplet H from V⊗V ′ by modding out by Φ⊗Φ′ and Φ⊗Φ′.
3.2 Numerator double copies
In section 2, we considered (super-)Yang-Mills theories where adjoint and fundamental
color representations are dual to vector and matter multiplets, respectively, in the sense
that the kinematic structure of the amplitudes is governed by the adjoint and fundamental
color-kinematics duality. In section 3.1, we explained how the on-shell SYM states can be
tensored to obtain the on-shell spectrum of pure supergravities, including Einstein gravity.
To obtain gravity amplitudes, we now have to do the same double-copy construction for
the interacting theories with internal off-shell states.
Pure (super-)gravity amplitudes are obtained by recycling the cubic diagrams (2.1) of
the YM theory and constructing the proper double copies of the kinematic numerators,
7This is superficially similar to the Faddeev-Popov method [49] that removes the unphysical YM states
from propagating in loops, although the details are quite different.
– 18 –
similarly to eq. (2.16). The numerator double copies should be constructed so that internal
adjoint lines in gauge theory become an off-shell equivalent of V ⊗V ′ lines in gravity. And
similarly, fundamental and antifundamental gauge-theory lines become gravitational lines
that are off-shell continuations of Φ⊗Φ′ and Φ⊗Φ′, respectively. That is, the numerator
copies should not be taken between diagrams that produce cross terms between the vector
and matter internal lines. Such double copies would in general not be consistent since the
kinematic algebra is different for the two types of states.
In fact, the above double-copy structure is already present in YM theory. By definition,
since eq. (2.1) describes gauge-theory amplitudes, there are no products of numerators
and color factors, nici, involving cross-terms between internal vector kinematic lines and
fundamental color lines. Thus the transition from YM to gravity amplitudes should be
as straightforward as replacing the color factors with kinematic numerators. For example,
replacing ci → n′i in eq. (2.1) would give valid gravity amplitudes, albeit with undesired
matter content given by Φ⊗ Φ′ and Φ ⊗ Φ′. To get matter states such as Φ ⊗ Φ′, we can
instead let ci → n′i, where the bar operation swaps matter and antimatter. However, that
would give gravity amplitudes with extra physical matter. Since we are trying to remove
the matter already present in the decomposition of V ⊗ V ′, what we want is matter that
behaves as ghosts. This means that we should insert a minus sign for each closed loop of
matter particles. Hence we do the following replacement in eq. (2.1),
ci → (−1)|i|n′i (3.6)
where |i| counts the number of closed matter loops in the i’th trivalent graph. More
generally, we can do the replacement ci → (NX)|i|n′i, where NX + 1 is the number of
complex matter multiplets in the desired gravity theory.
Thus we propose the following formula for amplitudes in pure (super-)gravity:
ML-loopm = iL−1
(κ
2
)m+2L−2∑
i
∫
dLDℓ
(2π)DL
(−1)|i|
Si
nin
′
i
Di
, (3.7)
where the sum runs over all m-point L-loop graphs with trivalent vertices of two kinds:
(fact. grav., fact. grav., fact. grav.) and (fact. grav., matter, antimatter), corresponding to
particle lines of two types: factorizable graviton multiplets and matter ghosts. The graphs
are in one-to-one correspondence with the ones in the gauge-theory amplitude (2.1), and
the denominators Di and the symmetry factors Si are same. The objects ni and n
′
i are the
numerators of two gauge-theory amplitudes where at least one of the two copies obeys the
color-kinematics duality. The bar on top of one of the numerators denotes the operation
of conjugating the matter particles and reversing the fundamental-representation flows.
Finally, the contribution of each graph enters the sum with a sign determined by the
number of closed matter-ghost loops |i|.
When there are no fundamental lines in the diagram, both the matter conjugation the
sign-modifying factor act trivially, so eliminating all graphs with matter ghosts reduces
eq. (3.7) to the adjoint double copy (2.16).
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3.3 Gauge invariance of the gravity construction
Now let us show that the double-copy construction (3.7) for pure gravity amplitudes obeys
generalized gauge invariance. This means that the freedom to shift numerators in gauge
theory should correspond to a similar freedom in shifting one copy of the gravity numera-
tors. If this was not true, the result of the double copy would depend on the gauge chosen
for the YM amplitude computation, and thus necessarily be wrong. Moreover, while it is
not obvious, experience tells us that the notion of generalized gauge invariance is perhaps
as useful and constraining for amplitudes as the more familiar notion of gauge invariance
is for Lagrangians. Therefore, showing that the gravity construction is generalized-gauge-
invariant is a strong check of consistency.
Recall that the generalized gauge invariance in YM theory allows us to freely shift
ni → ni +∆i provided that ∆i satisfy
∑
i
∫
dLDℓ
(2π)DL
1
Si
∆ici
Di
= 0 . (3.8)
The origin of this freedom comes from the overcompleteness of the color factor basis.
Indeed, the Jacobi identities and commutation relations satisfied by the color factors can
indirectly enter the amplitude multiplied by arbitrary kinematic functions, which we may
refer to as pure gauge terms. For example, consider a shift of the numerators ni, nj and
nk of three diagrams with identical graph structure except for a single edge:
AL-loopm → AL-loopm +
∫
Kpure gauge
(
f˜dacf˜ cbe − f˜dbcf˜ cae − f˜abcf˜dce)cabderest , (3.9a)
AL-loopm → AL-loopm +
∫
Kpure gauge
(
T ai¯ T
b
jk¯ − T bi¯ T ajk¯ − f˜abc T cik¯
)
cabkı¯,rest , (3.9b)
where the standard loop integration measure is suppressed for brevity. Taking into ac-
count that the symmetry factors and denominators are included into Kpure gauge, the three
numerators will be shifted by
∆i = SiDiKpure gauge , ∆j = SjDjKpure gauge , ∆k = SkDkKpure gauge . (3.10)
Of course, Kpure gauge is multiplied here by something that vanishes due to the color alge-
bra (2.3), so the amplitude cannot depend on it.
Translating this example to gravity through the replacement ci → (−1)|i|n′i, we obtain8
ML-loopm →ML-loopm + (−1)|i|
∫
Kpure gauge
(
n′i − n′j − n′k
)
. (3.11)
The crucial point here is that the commutation and Jacobi relations in fig. 1 leave the
number of closed fundamental matter loops invariant, so in eq. (3.11) we safely set |i| =
|j| = |k|. For the gravitational amplitude (3.11) to be free of the pure gauge redundancy,
the numerators n′i must satisfy the color-dual algebra: n
′
i − n′j = n′k.
8 This argument trivially extends to the more general replacement prescription ci → (NX)
|i|n′i.
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Figure 6: Two-loop cuts of the four-graviton amplitude that can have ghost matter circulating
in only a single loop at the time.
In summary, shifting the gauge-theory numerators ni → ni + ∆i gives new gravity
numerators nin
′
i → (ni + ∆i)n′i. If ni satisfy the same algebraic relations as the color
factors ci, then we are guaranteed to leave the gravity amplitude invariant, since it inherits
the YM identity (2.15) in the form
∑
i
∫
dLDℓ
(2π)DL
1
Si
∆in
′
i
Di
= 0 . (3.12)
As in the purely-adjoint case [19], this argument can be easily extended to show that, to
obtain a consistent double-copy amplitude, it is sufficient for only one of the two numerator
sets (ni or n
′
i) to satisfy the color-kinematics duality,
From this line of arguments, one can also see that the additional two-term algebraic
identity (2.13), depicted in fig. 3, is optional. It is not needed for obtaining generalized-
gauge-invariant amplitudes since the corresponding color identity is not generically present
for fundamental representations of, say, SU(N). In fact, in those spacetime dimensions
where the two-term identity (2.13) can be imposed, the double-copy gravity amplitudes
stay the same with or without imposing it. Indeed, one can think of the identity (2.13) as
a special gauge choice in YM theory, hence the gravity amplitudes cannot depend on this
choice. We have also confirmed this property by constructing explicit tree-level amplitudes
through seven points.
3.4 Checks of two-loop cuts
In this section, we consider an explicit multiloop example that provides a nontrivial check
that the double-copy prescription (3.7) correctly eliminates the dilaton and axion contri-
butions from the unitarity cuts in Einstein gravity. We concentrate on two-loop cuts in
four dimensions; the one-loop case will be treated in full rigor in subsequent sections with
complete four-point calculations in D = 4 − 2ǫ dimensions. For the construction of the
two-loop four-point amplitude it is sufficient to consider three types of unitarity cuts: the
two shown in fig. 6 and the first diagram shown in fig. 7. For the purpose of checking
the cancellation of dilaton and axion contributions the latter cut is the most nontrivial.
The two cuts in fig. 6 can only have matter circulating in a single sub-loop at the time, so
they can at most teach us about the dilaton-axion cancelations that take place in one-loop
amplitudes, the topic of the following sections.
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Figure 7: A two-loop cut of the four-graviton amplitude. A particular internal helicity configu-
ration is expanded using the diagrammatic rules given in fig. 8. In the text, we explain that these
dilaton-axion contributions cancel among themselves, leaving the pure gravity cut.
Now, consider the double s-channel cut of the four-graviton two-loop amplitude. To
be explicit, consider the external configuration M(1−−h , 2
++
h , 3
−−
h , 4
++
h ), and focus only on
the internal-matter contributions as shown in fig. 7. If the theory is pure, these matter
contributions should add up to zero. As shown, the cut has an expansion in terms of
different particle and diagram contributions coming from our prescription. In order to not
clutter the diagrams with explicit double-line notation that reflect the tensor structure
of the gravity states, we use the particle-line notation given in fig. 8. As explained in
section 2.2.1, the complexified dilaton-axion contributions arise as double copies of gluons
with anticorrelated helicities, gravitons from double copies of correlated gluons, and matter
ghosts from anticorrelated fermions (quarks).
The diagrammatic expansion in fig. 7 is straightforward, except for the special treat-
ment of the opposite-statistics nature of the ghosts. In particular, in the last two diagrams
the intermediate graviton channel needs to be resolved before the sign of the diagram can
be determined due to the different number of ghost loops.
To calculate the result of the cut, we can take advantage of a convenient simplification.
If we focus for a moment on the leftmost and rightmost four-point tree amplitudes (outer
blobs) appearing in the factorization of the cut, we see that they are in fact identical for
all the five contributions in fig. 7. They are explicitly
M tree4 (1
−−
h , 2
++
h , (−ℓ2)−+ϕ , (−ℓ1)+−ϕ ) =M tree4 (1−−h , 2++h , (−ℓ2)−+ϕ′ , (−ℓ1)+−ϕ′ )
=
i〈1|ℓ1|2]4
s(k1−ℓ1)2(k1−ℓ2)2 ,
(3.13a)
M tree4 (3
−−
h , 4
++
h , (−ℓ4)+−ϕ , (−ℓ3)−+ϕ ) =M tree4 (3−−h , 4++h , (−ℓ4)+−ϕ′ , (−ℓ3)−+ϕ′ )
=
i〈3|ℓ3|4]4
s(k3−ℓ3)2(k3−ℓ4)2 ,
(3.13b)
where ϕ denote the complexified dilaton-axion states arising from gluon double copies, and
ϕ′ are the fundamental fermion double copies. These amplitudes contribute to the cut in
fig. 7 as an overall factor, and thus we may ignore them and only check the cancellation
among the five terms associated with the gravity tree amplitudes in the middle blobs.
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Figure 8: Diagrammatic rules for the gravity cut lines in fig. 7: graviton lines correspond to
double copies of gluon lines, whereas mixed dilaton-axion lines can be realized either in the same
way or as fundamental double copies of fermions.
Conveniently, we already have all the ingredients at hand, from the results of section 2.2.1.
The first term is M tree4 (ℓ
−+
1ϕ, ℓ
+−
2ϕ, ℓ
−+
3ϕ, ℓ
+−
4ϕ ), and the second and third terms are identical:
−M tree4 (ℓ−+1ϕ′ , ℓ+−2ϕ′ , ℓ−+3ϕ, ℓ+−4ϕ ) = −M tree4 (ℓ−+1ϕ, ℓ+−2ϕ, ℓ−+3ϕ′ , ℓ+−4ϕ′) . (3.14)
For the fourth and fifth terms we recycle the numerators ns and nt from eq. (2.17), with
ki → li. Therefore, we get the following sum for the internal-matter cut:
M tree4 (ℓ
−+
1ϕ, ℓ
+−
2ϕ, ℓ
−+
3ϕ, ℓ
+−
4ϕ )− 2M tree4 (ℓ−+1ϕ, ℓ+−2ϕ, ℓ−+3ϕ′ , ℓ+−4ϕ′)− i
nsns
(ℓ1+ℓ2)2
+ i
ntnt
(ℓ2+ℓ3)2
= −i nsns
(ℓ1+ℓ2)2
− i ntnt
(ℓ2+ℓ3)2
+ 2i
nsns
(ℓ1+ℓ2)2
− i nsns
(ℓ1+ℓ2)2
+ i
ntnt
(ℓ2+ℓ3)2
= 0 ,
(3.15)
where we used eqs. (2.22) and (2.23) to obtain zero.
Cancellations also happen among cuts where some of internal states are gravitons and
some are matter states, that is, configurations such as M tree4 (l
++
1h , l
−−
2h , ℓ
−+
3ϕ, ℓ
+−
4ϕ ) for the
middle blob. These are again effectively the same type of cancelation that has to happen
for one-loop amplitudes. In summary, these cancelations leave the full four-dimensional
cut corresponding to fig. 7 completely free of dilaton and axion contributions. This shows
that our prescription (3.7) for calculating pure gravity amplitudes works correctly for this
two-loop four-point example. We have repeated the same calculation (3.15) in the various
supersymmetric settings listed in table 2. In all cases, the unwanted matter corresponding
to X and X multiplets cancel out.
The four-point analysis can be repeated in exactly the same way for the two-loop cut
of the five-graviton amplitudeM(1−−h , 2
++
h , 3
−−
h , 4
++
h , 5
++
h ). Its most nontrivial cut is shown
in fig. 9. To analyze it, we can use the tree-level input of section 2.2.2. At five points, the
cancellation analogous to eq. (3.15) takes the explicit form,
M tree5 (ℓ
−+
1ϕ, ℓ
+−
2ϕ, ℓ
−+
3ϕ, ℓ
+−
4ϕ, 5
++
h )− 2M tree5 (ℓ−+1ϕ, ℓ+−2ϕ, ℓ−+3ϕ′ , ℓ+−4ϕ′ , 5++h )− i
5∑
i=1
nini
Di
+ i
10∑
i=6
nini
Di
= 0 ,
(3.16)
which is zero due to eqs. (2.32) and (2.33). We have also checked numerically that a similar
cancellation occurs for cuts of the same topology with up to three more gravitons in the
outer two blobs and up to two more gravitons in the middle blob of this cut topology.
It is interesting to note that if we try to perform similar exercises and cut checks for
double copies of fundamental scalars, instead of fermions, we encounter trouble. Although
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Figure 9: A two-loop cut of the five-graviton amplitude
the resulting ghost contributions will cancel the dilaton and axion in one-loop amplitudes,
at two loops the construction fails to produce pure theories. This happens already for the
cut analogous to fig. 7, with fermion double copies replaced by scalar ones. In the next
section, we give an indirect argument that confirms that scalar double copies are unsuitable
for canceling the dilaton and axion.
3.5 General multiloop argument
In this section, we argue that our prescription cancels the dilaton and axion from four-
dimensional unitarity cuts at any loop order. We expect the construction to also produce
correct (4 − 2ǫ)-dimensional unitarity cuts, but since such cuts can be very subtle and
regularization dependent, we give no explicit argument in that case.
For simplicity, we restrict the argument to Einstein gravity as the supersymmetric
cases should be straightforward generalizations thereof. We want to show that a generic
four-dimensional unitarity cut, ∑
S states
M tree(1) M
tree
(2) . . .M
tree
(k) , (3.17)
constructed from double copies of YM diagrams according to our prescription, contains
only graviton internal states.
In the bosonic case, our prescription involves the product of two copies of (YM +
fund. fermion) theories, where the states are tensored according to their gauge-group
representation. Let us use the fact that at tree level the states and partial amplitudes in this
YM theory can be mapped to those of N = 1 SYM simply by replacing the fundamental-
representation color factors with those in the adjoint (cf. eq. (2.6)). Indeed, from the
works of refs. [50–54], we know that the color-stripped tree-level amplitudes of N = 1
SYM (which are a subsector of N = 4 SYM) can be combined to construct all the tree
amplitudes in massless multiple-flavor QCD, and vice versa. Therefore, for convenience,
we map the states of (YM + fund. fermion)-theory to a subsector of N = 4 SYM, and
thus we can label the fields by the familiar SU(4) R-charge indices.
Let us look at the on-shell gravitational states that the tensor product of two copies
of (YM + fund. fermion)-theory gives us according to the prescription (3.7). If we reserve
the R-charge indices 1, . . . , 4 for the left side of the double copy and 5, . . . , 8 for the right
side, then the we have tensor products of the gluons (A+ ⊕A−1234)⊗ (A+ ⊕A−5678), as well
as of the matter states ψ+1 ⊗ ψ−678 and ψ−234 ⊗ ψ+5 , where the latter should be promoted to
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ghosts inside loop amplitudes. This results in the following spectrum:
S = {h+, ϕ1234, ϕ5678, ϕˆ1 678, ϕˆ234 5, h−1234 5678} , (3.18)
where the hat notation marks the states that are treated as ghosts in the loop amplitudes.
Now let us consider the simplest possible R-charge rotation, a permutation of the
indices R25 = {2↔ 5}, which gives the following set of states:
S′ = {h+, ϕ134 5, ϕ2 678, ϕˆ1 678, ϕˆ234 5, h−1234 5678} . (3.19)
Although we will not prove it, we claim that the gravitational tree amplitudes, and thus the
unitarity cut (3.17), following from a double-copy construction should be invariant under
this rotation. This can be argued because of the close relationship between the tree-level
kinematical numerators of (YM + fund. fermion)-theory and those of N = 1 SYM, which
in turn can be obtained from N = 4 SYM. If this claim is true, we can observe that the
rotated spectrum S′ corresponds to double copies A+⊗A+, A−1234⊗A−5678, (ψˆ+1 ⊕ψ+2 )⊗ψ−678
and (ψˆ−234⊕ψ−134)⊗ψ+5 . This can be considered to belong to a color-kinematics construction
with adjoint and fundamental fields, where on one side we have (YM + fund. fermion +
fund. fermion ghost) and on the other side (YM + fund. fermion). If the fundamental
fields are restricted to live on internal lines of the loop amplitudes, as they are in our
construction, then the amplitudes in the (YM + fund. fermion + fund. fermion ghost)-
theory receives no contributions from the fermions, because they must cancel each other
entirely. Since the numerators corresponding to fundamental particles vanish on one side
of the double copy, the gravity amplitude receives no contributions from fermion double
copies. We can then remove the scalars produced by these double copies and conclude that
the spectrum S′ is secretly equivalent to the pure gravity spectrum
S′′ = {h+, h−1234 5678} . (3.20)
In other words, in our prescription, the four-dimensional unitarity cuts should be
equivalent to those of the pure gravity theory∑
S states
M tree(1) M
tree
(2) . . .M
tree
(k) =
∑
S′ states
M tree(1) M
tree
(2) . . .M
tree
(k)
=
∑
S′′ states
M tree(1) M
tree
(2) . . .M
tree
(k) .
(3.21)
Indeed, this is consistent with the explicit calculations in section 3.4.
Note that for the above argument to be valid, something must fail when applied to
scalar double copies, since we observed that the calculations in section 3.4 do not work for
them. To see this, consider the possible scalar prescription that relies on tensor products
(A+ ⊕A−1234)⊗ (A+ ⊕A−5678) and φ12 ⊗ φ78 and φ34 ⊗ φ56. This gives the following states:
Sφ = {h+, ϕ1234, ϕ5678, ϕˆ12 78, ϕˆ34 56, h−1234 5678} . (3.22)
Now perform, for example, the rotation R15;26 = {1↔ 7, 2↔ 8} of the R-charge indices:
S′φ = {h+, ϕ34 78, ϕ12 56, ϕˆ12 78, ϕˆ34 56, h−1234 5678} . (3.23)
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Figure 10: The three graphs that contribute to one-loop four-point amplitudes. Curly lines
correspond to adjoint vector multiplets and solid lines represent fundamental matter (or, in general,
particles of any representation). Our convention is that the external momenta are outgoing in all
graphs.
Assuming that this is a valid double-copy spectrum the resulting matter can be thought of
either as φ12⊗(φ56⊕ φˆ78) and φ34⊗(φˆ56⊕φ78), or as (φ12⊕ φˆ34)⊗φ56 and (φˆ12⊕φ34)⊗φ78,
or even as (φˆ12⊕φ34)⊗ (φˆ56⊕φ78). The first two cases look similar to the above fermionic
situation, so we can attempt to interpret either of them as coming from a color-kinematics
construction with a (YM + fund. scalar + fund. scalar ghost)-theory on one side of the
double copy. However, one can check that there will be an irregular four-scalar interaction
that couples the ghosts to the non-ghost scalars, preventing a complete cancellation of
the matter. Needless to say, this cannot happen to fermions. The third factorization
(φˆ12 ⊕ φ34) ⊗ (φˆ56 ⊕ φ78) is an even stranger case, since either side appears to contain a
theory with one complex scalar whose antiparticle is a ghost, which is clearly not sensible.
Of course, one can consider doing other swaps of the R-symmetry indices, but all
possible permutations have similar problems. While this does not conclusively prove that
the scalar double-copy prescription fails for pure gravities, it does show that the argument
that worked for fermion double copies encounter obstructions when applied to scalars. In
any case, the explicit cut checks in the previous section show that starting at two loops
the scalar double copy fails to properly cancel the dilation and axion states.
4 One-loop four-point gauge-theory amplitudes with internal matter
In this section, we work out the duality-satisfying numerators for massless one-loop four-
point amplitudes with four external vector-multiplet legs and internal fundamental matter
running in the loop.
4.1 Reducing numerators to a master
At four points, the master diagram that determines all other one-loop topologies is the box
in fig. 10, whose numerator we denote as
nbox(1, 2, 3, 4, ℓ) , (4.1)
where ℓ is the loop momentum and 1, . . . , 4 are collective labels for the momentum, helicity
and particle type of the external legs. Other numerators can be obtained from the master
using a set of kinematic identities that follow from the color-kinematics duality. Thanks to
our conventions for the color algebra, eqs. (2.3a) and (2.3b), the dual kinematic relations for
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Figure 11: Three graphs that do not contribute to the amplitudes in dimensional regularization
because they give scaleless integrals.
both fundamental and adjoint loop states translate to antisymmetrization of the external
legs, which we denote by a commutator bracket. In this way, the triangle and the bubble
numerators, shown in fig. 10, are obtained from the box as
ntri(1, 2, 3, 4, ℓ) ≡ nbox([1, 2], 3, 4, ℓ) ,
nbub(1, 2, 3, 4, ℓ) ≡ ntri(1, 2, [3, 4], ℓ) = nbox([1, 2], [3, 4], ℓ) .
(4.2)
More explicitly, ntri(1, 2, 3, 4, ℓ) = nbox(1, 2, 3, 4, ℓ) − nbox(2, 1, 3, 4, ℓ), etc. Further anti-
symmetrization gives the numerators of snail- and tadpole-type graphs, shown in fig. 11:
nsnail(1, 2, 3, 4, ℓ) ≡ nbox([[1, 2], 3], 4, ℓ) ,
ntadpole(1, 2, 3, 4, ℓ) ≡ nbox([[1, 2], [3, 4]], ℓ) ,
nxtadpole(1, 2, 3, 4, ℓ) ≡ nbox([[[1, 2], 3], 4], ℓ) .
(4.3)
Here a “snail” is synonymous to a bubble on an external leg, whereas “tadpole” and
“xtadpole” stand for tadpoles on an internal leg and an external leg, respectively. These
three diagrams will integrate to zero in dimensional regularization, as they will be identified
with scaleless integrals.
All graphs that we considered so far have the counterclockwise orientation of the
fundamental color flow. At one loop, a symmetry trick can be used to obtain the numerators
with the internal-matter arrow reversed. The matter-conjugated box diagram is given by
mirroring the graph, so that it is equivalent to the master box with all arguments reversed,
nbox(1, 2, 3, 4, ℓ) = nbox(4, 3, 2, 1,−ℓ) , (4.4)
and the others are obtained by conjugating eqs. (4.2) and (4.3). In section 4.3, we give an
alternative definition of ni using the building blocks of the numerators.
In addition to the above relations, we need to constrain the numerators with the theory-
specific physical information. This is done using the unitarity method [55, 56]. Eqs. (4.2)
and (4.3) together with the unitarity cuts are equivalent to imposing the color-kinematics
duality through functional equations. In the absence of a direct way to obtain the duality-
satisfying numerators, we will find a solution of these equations using an ansatz for the
master box numerator.
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4.2 The ansatz construction
In this section, we explicitly construct a compact ansatz for the master numerator nbox,
suitable for a wide range of four-point amplitudes of various theories (see alternative con-
structions in refs. [10, 28, 38, 57]).
To begin with, we list the elementary building blocks that are allowed to appear in
the numerators. These include the Mandelstam invariants s, t and u, of which only two
are independent, as well as the scalar products ℓ · ki of the loop and external momenta.
Here we introduce a shorthand notation for the three independent combinations of such
products that we use in the rest of the paper:
ℓs ≡ 2 ℓ ·(k1 + k2) , ℓt ≡ 2 ℓ ·(k2 + k3) , ℓu ≡ 2 ℓ ·(k1 + k3) . (4.5)
Another invariant is the Lorentz square of the loop momentum ℓ2. However, in di-
mensional regularization, we must distinguish between the four-dimensional square and the
D-dimensional one. We choose to work with the latter and the difference between the two:
µ2 = ℓ2D=4 − ℓ2 , (4.6)
which corresponds to the square of the loop-momentum component orthogonal to the four-
dimensional spacetime and is positive-valued in the metric signature (+− · · · −).
Finally, we introduce the parity-odd Levi-Civita invariant
ǫ(1, 2, 3, ℓ) ≡ Det(k1, k2, k3, ℓD=4) , (4.7)
which integrates to zero in gauge theory, but do contribute to gravity when squared in the
double-copy construction (3.7).
These building blocks already make it possible to write down an ansatz for each of the
distinct helicity configurations of the external states. For four external gluons, a sufficient
set of configurations consists of the split-helicity case (1−, 2−, 3+, 4+) and the alternating-
helicity case (1−, 2+, 3−, 4+). All other external-state configurations in SYM are obtainable
via supersymmetric Ward identities [58–61] and permutations of labels. However, instead
of using such identities we choose to rely the extended on-shell superspace formalism of
section 2.3 to take care of the bookkeeping of external states. Namely, for the four-point
MHV amplitude, we introduce variables
κij =
[1 2] [3 4]
〈1 2〉〈3 4〉δ
(2N )(Q) 〈i j〉4−N θiθj , (4.8)
where the auxiliary parameter θi mark that the external leg i belong to the anti-chiral
vector multiplet, V N , also containing the negative-helicity gluon. This implies that the
unmarked legs are of the chiral type VN , which contains the positive-helicity gluon. The
super momentum delta function δ(2N )(Q) ensures that the N -fold supersymmetry Ward
identities are respected among the components. The remaining kinematic factors guarantee
that the gluonic components take on a simple familiar form
κij = istA
tree
4 (. . . i
−. . . j−. . . )(η1i η
2
i η
3
i η
4
i )(η
1
j η
2
j η
3
j η
4
j ) + . . . . (4.9)
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For example, the pure-gluon component of κ12 is explicitly 〈1 2〉2 [3 4]2 using the spinor-
helicity variables. Thus, for a given graph topology we can ignore the helicity labels and
instead work with a single generating function, spanned by the six independent κij that
encode all the component numerators.
Now we can write down an ansatz for the master numerator of a superamplitude with
external vector multiplets and any type of internal massless particles,
nbox(1, 2, 3, 4, ℓ) =
∑
1≤i<j≤4
κij
sNij
(∑
k
aij;kM
(N)
k + iǫ(1, 2, 3, ℓ)
∑
k
a˜ij;kM
(N−2)
k
)
, (4.10)
where aij;k and a˜ij;k are free parameters of the ansatz, sij ≡ (ki+kj)2 are the Mandelstam
invariants, and M
(N)
k denotes a monomial of dimension 2N built out of N products of
quadratic Lorentz invariants. The monomials are drawn from the following set:
M (N) =
{ N∏
i=1
mi
∣∣∣ mi ∈ {s, t, ℓs, ℓt, ℓu, ℓ2, µ2}} , (4.11)
which contains C6N+6 distinct elements, C
k
n being the binomial numbers. Hence the ansatz
have 6(C6N+6 + C
6
N+4) free coefficients in total. We vary the parameter N in eq. (4.10)
depending on the effective number of supersymmetries Neff of the amplitude, such that
N = 4−Neff , (4.12)
which is in accord with the classic loop-momentum power-counting argument of ref. [56]
and the ansatz rules for color-kinematics numerators of ref. [4].
As a simple and illuminating example that the ansatz (4.10) is finely tuned to the
correct answer, we can consider the case of N = 3 SYM, which is equivalent to Neff = 4
SYM on shell. Thus, using N = 0, the ansatz becomes the six-fold parametrization
nN=3box (1, 2, 3, 4, ℓ) =
∑
1≤i<j≤4
aij;0 κij , (4.13)
where κij is well defined using eq. (4.8) for N = 3. As is easily checked, for aij;0 = 1 the
sum collapses to the known answer proportional to the tree superamplitude:
nN=3box = n
N=4
box = istA
tree
4 (ki, η
A
i ) =
[1 2] [3 4]
〈1 2〉〈3 4〉δ
(8)(Q) . (4.14)
Finally, note that the ansatz (4.10) was chosen so that the numerators with minus-
helicity legs i and j will only contain poles in the sij channel. This is a nontrivial highly-
constraining aesthetic condition. We found that such pole structure gives a necessary
and sufficient class of non-localities for the four-point one-loop numerators, if they are
built as rational functions of gauge-invariant building blocks. Certainly, numerator non-
localities can be completely avoided by using gauge-dependent building blocks, such as
formal polarization vectors [15, 57], but we choose to work with the former type of ansatz.
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Figure 12: The cyclic symmetry of the alternating-helicity box diagram, which should be imposed
on the numerator ansatz.
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Figure 13: The anti-fundamental boxes can be obtained as the flipped fundamental boxes.
Through the matter-conjugation operation, these relations impose constraints on the ansatz.
4.3 Imposing symmetries and cuts
Before proceeding with the calculations of specific theories, we impose some extra universal
constraints on the box numerator ansatz. They are not always necessary for the color-
kinematics duality to be satisfied, but they often simplify the construction of the amplitudes
both in gauge theory and in gravity.
We choose to impose the cyclic symmetry natural to the box topology:
nbox(1, 2, 3, 4, ℓ) = nbox(2, 3, 4, 1, ℓ − k1) . (4.15)
Without this constraint the relabeling symmetry of the box numerator, and the descendent
numerators (4.2) and (4.3), would cease to be manifest. In general, the constraint (4.15)
give identifications of various components in the supersymmetry expansion, and in par-
ticular it implies a two-site permutation symmetry of the alternating-helicity component
nbox(1
−, 2+, 3−, 4+, ℓ), shown in fig. 12.
Furthermore, we would like to extend the cyclic symmetry of the box numerator to
a dihedral symmetry. The diagram flip relation eq. (4.4) should then be imposed as a
symmetry constraint on the ansatz. Recall that this equation reads
nbox(1, 2, 3, 4, ℓ) = nbox(4, 3, 2, 1,−ℓ) . (4.16)
The graph-symmetry origin of this equation is illustrated in fig. 13, where it is applied to
the two distinct helicity components of the box numerator. To use the above equation as
a constraint, we need to precisely define how reversing the internal matter arrow operates
on the ansatz (4.10). The matter conjugation should flip the chirality of the internal-
loop matter particles while keeping the external chiral vectors unaltered. By using CPT
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Figure 14: Non-planar single-line cuts used to compute the numerators and amplitudes.
invariance, we can alternatively regard this as a flip of the chirality of the external vector
particles while keeping the internal matter unaltered. For consistent interactions, we also
need to flip the sign of parity-odd momentum invariants. The conjugated one-loop four-
point MHV numerators are then
ni(1, 2, 3, 4, ℓ) = ni(1, 2, 3, 4, ℓ)
∣∣
κij→κ∁ij , ǫ(1,2,3,ℓ)→−ǫ(1,2,3,ℓ)
, (4.17)
where κ∁ij = κkl marks the pair of legs {k, l} = {1, 2, 3, 4} \ {i, j} unmarked by κij . Com-
bining eqs. (4.17) and (4.16) give the desired extra constraint.
The ansatz (4.10) is ultimately constrained by the unitarity cuts. We choose to work
with the non-planar single-line cuts shown in fig. 14. These cuts can be constructed by
taking color-ordered six-point tree-level amplitudes and identifying a conjugate pair of
fundamental particles on opposite-site external legs. Because the tree amplitude is color-
ordered, the identification of momenta on opposite ends of the amplitude does not produce
singularities corresponding to soft or collinear poles.
As the internal loop momenta are subject to only one constraint, ℓ2 = 0, the single-
line cuts are sensitive to most terms in the integrand of the amplitude. Undetected terms
correspond to tadpoles and snails (external bubbles), which invariably integrate to zero
in a massless theory. Indeed, the tadpole and snail graphs previously described do not
contribute to this cut, instead these will be indirectly constrained through the kinematic
relations of the numerators.
Even after the symmetries and unitarity cuts are imposed on the numerators, there
remain free parameters in the ansatz that can be interpreted as the residual generalized
gauge freedom of the given amplitude representation. For simplicity, we will fix this freedom
by suitable aesthetic means, as discussed in the next section.
4.4 The amplitude assembly
In this section, we provide the precise details on how to assemble the full one-loop gauge-
theory amplitude from the numerators and the color factors. This discussion will be valid
for all of the YM theories and amplitudes discussed in the subsequent sections.
The complete MHV (super-)amplitude can be written as
A1-loop4 =
∑
S4
(1
8
Ibox + 1
4
Itri + 1
16
Ibub
)
, (4.18)
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where the three (tensor) integrals correspond to the canonically labeled graphs in fig. 10,
and the sum runs over the set S4 that denotes the 24 permutations of the four external
legs. The rational numbers correspond to the symmetry factors that remove overcounting
both from the permutation sum and the internal phase-space integration. In the case
of fundamental matter multiplets in the loop, each integral is formed by combining two
diagrams with opposite orientations of the internal-matter arrow:
Ii =
∫
dDℓ
(2π)D
(cini + cini)
Di
, (4.19)
where D = 4 − 2ǫ is the spacetime dimension in dimensional regularization, and the de-
nominators Di are products of the squared momenta of the four internal lines in each graph
in fig. 10, thus accounting for the four propagators. The color factors for the canonically
labeled box, triangle and bubble graphs are
cbox = Tr(T
a1T a2T a3T a4) ,
ctri = Tr([T
a1 , T a2 ]T a3T a4) ,
cbub = Tr([T
a1 , T a2 ][T a3 , T a4 ]) .
(4.20)
The antifundamental color factors ci are obtained from ci by replacing T
a
i¯ → T aı¯j as dis-
cussed in section 2.
From eq. (4.20), it is obvious that the fundamental matter amplitude can be rewritten
in terms of only single traces, thus giving color-ordered partial amplitudes in its decompo-
sition
A1-loop,fund4 (1, 2, 3, 4) =
∑
{i1,i2,i3,i4}∈S4/Z4
Tr(T ai1T ai2T ai3T ai4)Afund4 (i1, i2, i3, i4) , (4.21)
where the sum runs over the cyclically inequivalent subset of S4.
As explained in section 2, the fully adjoint amplitude can be obtained from the ampli-
tude in eq. (4.18) after swapping the generators inside the color factors (2.6). The integrals
Ii then take the following form:
Ii =
∫
dDℓ
(2π)D
cadji n
adj
i
Di
, (4.22)
where the adjoint color factors are given by
cadjbox = f˜
ba1cf˜ ca2df˜da3ef˜ ea4b ,
cadjtri = f˜
a1a2cf˜ bcdf˜da3ef˜ ea4b ,
cadjbub = f˜
a1a2cf˜ bcdf˜debf˜ ea3a4 .
(4.23)
In the standard SU(Nc)-decomposition of the amplitude, the adjoint color factors (4.23)
produce double traces:
A1-loop,adj4 (1, 2, 3, 4) = Nc
∑
{i1,i2,i3,i4}∈S4/Z4
Tr(T ai1T ai2T ai3T ai4)Aadj4 (i1, i2, i3, i4)
+
∑
{i1,i2,i3,i4}∈S4/S4;2
Tr(T ai1T ai2)Tr(T ai3T ai4)Aadj4;2 (i1, i2, i3, i4) ,
(4.24)
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where S4;2 is the subset of S4 that leaves the double trace structure invariant. The partial
amplitudes Aadj4;2 in the subleading-color part are not independent but related to the leading-
color partial amplitudes Aadj4 [55, 62].
A difference in the structure of the one-loop color-ordered partial amplitudes Afundm
and Aadjm is that the latter satisfy refection relations,
Aadjm (1, 2, 3, . . . ,m) = (−1)mAadjm (m, . . . , , 3, 2, 1) , (4.25)
whereas the former generally do not. However, for the cases where the matter is effectively
non-chiral, and thus ni = ni, the reflection relation is restored, and moreover the partial
amplitudes Aadj4 and A
fund
4 in eqs. (4.21) and (4.24) are identical.
4.5 The amplitude with N = 2 fundamental or adjoint matter
Here we construct the four-point one-loop amplitude with a N = 2 fundamental mat-
ter multiplet ΦN=2 circulating in the loop and external adjoint vector multiplets VN=2.
Because ΦN=2 has the maximal amount of supersymmetry for matter, it is effectively a
non-chiral multiplet. Only the color representation distinguishes it from its conjugate mul-
tiplet. Similarly, the color-stripped partial amplitudes are insensitive to the representation.
To see this, note that the particle content of the multiplets ΦN=2, ΦN=2 in eq. (2.41) and
ΦadjN=2 in eq. (2.43) coincide up to the gauge-group representation indices. Using this fact,
we can equate the one-loop kinematical numerators for different representations,
nN=2,fundi = n
N=2,fund
i = n
N=2,adj
i , (4.26)
which reduces the fundamental matter computation to the one with the adjoint matter.
Color-kinematics dual numerators for the component amplitude with external gluons
and adjoint N = 2 internal matter have already been constructed in refs. [10, 15, 28, 57].
The result presented here is a minor variation of these known forms. The main novelties
are that we use the compact ansatz eq. (4.10), embed the external gluons into their vector
supermultiplets, generalize the internal color representation and give the complete results
for the integrand, including the µ-terms and the snail diagrams.
Using the ansatz in eq. (4.10) for N = 4 − Neff = 2, we have 174 free parameters to
solve for. By combining the equation
nbox = nbox , (4.27)
with the definition (4.17) of the antifundamental numerators, we can reduce the ansatz by
half, leaving only 87 free parameters.
Imposing the dihedral symmetries from section 4.3 gives further constraints: the cyclic
symmetry (4.15) fixes 58 parameters. A single further variable is fixed by the flip re-
lation (4.4), which becomes a symmetry after imposing eq. (4.27). Enforcing the D-
dimensional unitarity cuts in fig. 14 on the cut integrand fixes 24 out of 28 remaining
parameters. At this point, the cubic diagram representation satisfies all conditions to be
the correct amplitude, along with the built-in color-kinematics duality.
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We choose to fix the remaining four parameters by imposing aesthetic or practical
constraints to obtain compact and manageable numerator expressions. Requiring that
the snail numerator nsnail vanishes for any on-shell external momenta gives two additional
conditions. Finally, requiring that the parity-even part of the s-channel triangle defined in
eq. (4.2) is proportional to s gives two more conditions. The latter implicitly enforces no
dependence on κ12 and κ34 in that triangle.
9
Having thus solved for all free parameters, we obtain the following box numerator:
nN=2,fundbox =(κ12 + κ34)
(s− ℓs)2
2s2
+ (κ23 + κ14)
ℓ2t
2t2
+ (κ13 + κ24)
st+ (s+ ℓu)
2
2u2
+ 2iǫ(1, 2, 3, ℓ)
κ13 − κ24
u2
+ µ2
(κ12 + κ34
s
+
κ23 + κ14
t
+
κ13 + κ24
u
)
,
(4.28)
where the short-hand notation (4.5) for loop-momentum invariants is used and the param-
eters κij encoding the external multiplets are defined in eq. (4.8).
The other numerators are given by the kinematic relations in eqs. (4.2) and (4.3). To
be explicit, the triangle numerator is
nN=2,fundtri = (κ23 + κ14)
s(t− 2ℓt)
2t2
− (κ13 + κ24)s(u− 2ℓu)
2u2
+ 2iǫ(1, 2, 3, ℓ)
(κ23 − κ14
t2
+
κ13 − κ24
u2
)
,
(4.29)
and the internal bubble numerator is
nN=2,fundbub = s
(κ23 + κ14
t
− κ13 + κ24
u
)
. (4.30)
In principle, we could ignore any further contributions to the integrand of the am-
plitude, since snail (external bubble) and tadpole diagrams should integrate to zero in
dimensional regularization. However, for completeness, we give the result for the only
non-vanishing diagram of this type – the snail. Because of N = 2 supersymmetry power
counting, it must include an overall factor k24 (in analogy to a one-loop propagator correc-
tion), which vanishes on shell. This contribution is not visible in our ansatz, because the
external legs were placed on shell from the very start. Nevertheless, a careful analysis of a
singular two-particle unitarity cut reveals that the numerator of the snail diagram shown
in fig. 11 is given by
nN=2,fundsnail = −
k24
2
(κ23 + κ14
t
− κ13 + κ24
u
)
. (4.31)
As the snail graph has a propagator 1/k24 , the above numerator gives a finite contribution
to the integrand, after the indeterminate form 0/0 is properly canceled out. Once this is
done, the snail-diagram contribution can be included into the amplitude (4.18) as
1
4
∑
S4
Isnail , (4.32)
9Alternatively, one can demand that the bubble numerator vanishes, as was done in refs. [10, 28, 57].
This also fixes the last two parameters, but gives a more complicated expression for the triangle.
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where Isnail is defined by eqs. (4.19) or (4.22) with the respective color factors
csnail = Tr([[T
a1 , T a2 ], T a3 ]T a4) or cadjsnail = f˜
a1a2cf˜ ca3df˜ bdef˜ ea4b . (4.33)
Of course, the snail diagram (4.32) still integrates to zero, so it would be justified to
drop it. Nevertheless, we choose to explicitly display the snail graph because there is some
potential interest in the planar N = 2 integrand, in analogy with the recent advances with
the planar N = 4 integrand [63, 64]. Lastly, the two remaining numerators ntadpole and
nxtadpole are manifestly zero, consistent with naive expectations in N = 2 supersymmetric
theories.
If we now assemble the full amplitude (4.18) and recast it into the color-ordered
form (4.21), we obtain the two inequivalent partial amplitudes in D = 4 − 2ǫ, which
are most easily expressed as
AN=2,fund4 (1
−, 2−, 3+, 4+) =
i〈12〉2[34]2
(4π)D/2
{
− 1
st
I2(t)
}
, (4.34a)
AN=2,fund4 (1
−, 2+, 3−, 4+) =
i〈13〉2[24]2
(4π)D/2
{
− rΓ
2u2
(
ln2
(−s
−t
)
+ π2
)
+
1
su
I2(s) +
1
tu
I2(t)
}
,
(4.34b)
where I2 is the standard scalar bubble integral
I2(t) =
rΓ
ǫ(1− 2ǫ) (−t)
−ǫ . (4.35)
Here and below, the integrated expressions are shown up to O(ǫ), and the standard pref-
actor of dimensional regularization is
rΓ =
Γ(1 + ǫ)Γ2(1− ǫ)
Γ(1− 2ǫ) . (4.36)
Due to eq. (4.26), the partial amplitudes (4.34) are the coefficients of both the clockwise
and counterclockwise fundamental color traces in the color-dressed amplitude. Moreover,
they coincide with the primitive amplitudes A1-loop,adj4 with adjoint N = 1 matter in the
loop (same as adjoint N = 2 in our convention, see eq. (2.43)), which is the version that is
best known in the literature [56, 65].
4.6 The amplitude with N = 1 fundamental matter
In this section, we work out the numerators of the four-point one-loop amplitude with a
N = 1 fundamental matter multiplet ΦN=1 circulating in the loop and adjoint vectors
VN=1 on the external legs. The result is the first known color-kinematics representation of
this amplitude.
At one loop, the amplitude, along with its numerators, can be naturally decomposed
into two simpler components: the parity-even and parity-odd contributions:
nN=1,fundi =
1
2
nN=1,eveni +
1
2
nN=1,oddi , (4.37a)
nN=1,fundi =
1
2
nN=1,eveni −
1
2
nN=1,oddi , (4.37b)
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where we define
nN=1,eveni ≡ nN=1,fundi + nN=1,fundi , (4.38a)
nN=1,oddi ≡ nN=1,fundi − nN=1,fundi . (4.38b)
According to eq. (2.11), summing over the fundamental and antifundamental one-loop
numerators effectively corresponds to promoting the N = 1 multiplet to the adjoint repre-
sentation, which by eq. (2.43) is equivalent to a contribution of a N = 2 multiplet. Thus
we have the following equalities:
nN=1,eveni = n
N=2,adj
i = n
N=2,fund
i . (4.39)
Since we have already found compact expressions for the N = 2 numerators in sec-
tion 4.5, we can now focus entirely on the parity-odd N = 1 numerators. Unlike the
parity-even ones, they have the expected amount of supersymmetry, hence Neff = 1. Using
the ansatz (4.10) as before, except with N = 4−Neff = 3, gives us 546 free parameters to
solve for. Similarly to the procedure in the previous section, we can immediately eliminate
half of the parameters by imposing the defining property that the box numerator should
be odd under matter conjugation:
noddbox = −noddbox , (4.40)
which reduces the problem to 273 undetermined parameters.
Next comes the dihedral symmetry of section 4.3: the cyclic symmetry (4.15) fixes 208
parameters. An additional 20 are constrained by the flip relation (4.4), which becomes a
symmetry after imposing eq. (4.40).
Out of the remaining 45 free parameters, 20 are fixed by the four-dimensional unitarity
cuts shown in fig. 14. Requiring that the snail numerator vanishes on shell gives 17 addi-
tional constraints. Demanding that the power counting of the numerator is at worst ℓm
for one-loop m-gons gives 3 more conditions, leaving only five parameters to fix. One can
check that four of them correspond to genuine freedom of the color-kinematics representa-
tions, and one parameter is determined by D-dimensional unitarity cuts. However, since it
is difficult to analytically continue four-dimensional chiral fermions to D > 4, computing
the correct unitarity cut is challenging. Instead, in our final representation, we denote this
unfixed parameter by a and manually choose the remaining four parameters to the values
that give more compact expressions.
The box numerator for the N = 1 odd contribution is then given by
nN=1,oddbox =− (κ12 − κ34)
(ℓs − s)3
2s3
− (κ23 − κ14) ℓ
3
t
2t3
− (κ13 − κ24)1
2
( ℓ3u
u3
+
3sℓ2u
u3
− 3sℓu
u2
+
s
u
)
− 2iǫ(1, 2, 3, ℓ)(κ13 + κ24)2ℓu − u
u3
+ aµ2(κ13 − κ24)s− t
u2
,
(4.41)
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and the triangle and bubble numerators can be obtained using eq. (4.2). They are
nN=1,oddtri = (κ23 − κ14)s
(3ℓ2t
2t3
− 3ℓt
2t2
+
1
2t
)
− (κ13 − κ24)s
( 3ℓ2u
2u3
− 3ℓu
2u2
+
1
2u
)
− 2iǫ(1, 2, 3, ℓ)
(
(κ23 + κ14)
2ℓt − t
t3
+ (κ13 + κ24)
2ℓu − u
u3
)
(4.42)
− aµ2(κ23 − κ14)s− u
t2
+ aµ2(κ13 − κ24)s− t
u2
,
nN=1,oddbub =− (κ23 − κ14)
3sℓt
t2
+ (κ13 − κ24)3sℓu
u2
+ 4iǫ(1, 2, 3, ℓ)
(κ23 + κ14
t2
+
κ13 + κ24
u2
)
.
(4.43)
As for the three remaining numerators nsnail, ntadpole and nxtadpole, defined by eq. (4.3),
they are manifestly zero in this representation.
We note that the combinations of ni and ci that appear in eq. (4.19) can be rewritten
as follows:
nN=1,fundi ci + n
N=1,fund
i ci =
1
2
nN=1,eveni (ci + ci) +
1
2
nN=1,oddi (ci − ci) . (4.44)
This implies that we can write the following relation for the color-dressed amplitudes:
AN=1,fund4 =
1
2
AN=2,fund4 +
1
2
AN=1,odd4 , (4.45)
where the last “amplitude” is constructed from the parity-odd numerators and color factors,
coddi = ci − ci . (4.46)
Although chiral gauge anomalies are not the topic of the current work, it is interesting to
note that this contribution contains all the anomalies of the N = 1 amplitude.
The two inequivalent color-ordered amplitudes for the odd part must coincide with
those for chiral fermions (see section 4.8). These amplitudes were, for example, computed
from four-dimensional unitarity cuts and locality conditions in ref. [66];
AN=1,odd4 (1
−, 2−, 3+, 4+) = 0 , (4.47a)
AN=1,odd4 (1
−, 2+, 3−, 4+) = − irΓ〈13〉
2[24]2
(4π)D/2
{
s−t
2u3
(
ln2
(−s
−t
)
+ π2
)
+
2
u2
ln
(−s
−t
)
− s−t
2stu
}
.
(4.47b)
After comparing to these results, the integration of the color-kinematics representation (4.41)
fixes the last parameter to a = 3/2. Interestingly, the precise value of a is irrelevant for
the gravity amplitudes constructed in section 5, as the parameter a drops out after the
double-copy amplitudes are integrated.
4.7 The MHV amplitude with fundamental N = 0 scalar matter
In this section, we construct the MHV amplitude with the fundamental scalar ΦscalarN=0 cir-
culating in the loop and external adjoint vectors VN=0, i.e. gluons. As in the N = 2 case,
after ignoring the color representation the scalar matter is effectively CPT-invariant and
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thus the color-stripped amplitudes for ΦscalarN=0 , Φ
scalar
N=0 and Φ
adj scalar
N=0 are the same. Therefore,
we can equate the numerators of the different multiplets:
nscalari = n
scalar
i = n
adj scalar
i . (4.48)
The color-kinematics representation of the amplitude with an adjoint scalar has been pre-
viously constructed [15, 57] in a fully-covariant form (using formal polarization vectors).
The result presented here will be a helicity-based computation of this amplitude. The main
novelties are that we use the compact ansatz (4.10) that relies on the four-dimensional nota-
tion for the external legs, and that we trivially generalize the internal color representation.
Note that we only give the MHV amplitude, leaving out, for brevity, the amplitudes exclu-
sively present in non-supersymmetric theories: the all-plus-helicity and one-minus-helicity
amplitudes, and their parity conjugates (see ref. [57] for these).
The ansatz (4.10) with Neff = 0 gives a parametrization with 1428 variables. Imposing
nbox = nbox , (4.49)
immediately reduces the undetermined parameters by a factor of two. The cyclic symme-
try (4.15) fixes 512 out of 714 remaining parameters, and the flip relation (4.4) eliminates
29 more. The D-dimensional unitarity cuts in fig. 14 fix 118 parameters, leaving 55 free.
Next we impose practical constraints. Similarly to refs. [15, 57], we demand that the
snail diagram in fig. 11 gives a scaleless integral: otherwise it will not necessarily integrate
to zero.10 A scaleless snail integral is achieved if its numerator is allowed to be a function of
only one scalar product between the external and internal momenta, namely k4 · ℓ, where
k4 is the external momentum directly entering the bubble subgraph of the snail. This
means that the integral is a function of only k24 = 0, so it must vanish in dimensional
regularization. This constraint fixes 25 parameters.
Continuing with aesthetic conditions, we require that the triangle numerator has no
dependence on κ12 or κ34, which gives 20 more conditions. Demanding that the power
counting of each m-gon numerator is at most ℓm gives 5 more constraints. The remaining
5 parameters are fixed manually to obtain more compact expressions for the numerators.
As a result, we obtain the following box numerator for the one-loop four-gluon ampli-
tude with a scalar in the loop:
nscalarbox =− (κ12 + κ34)
( ℓ4s
4s4
− ℓ
2
s(2ℓ
2 + 3ℓs)
4s3
+
2ℓ2ℓs + ℓ
2
s − 2µ4
2s2
− 2ℓ
2 − ℓs + s
4s
)
− (κ23 + κ14)
( ℓ4t
4t4
− ℓ
2
t (2ℓ
2 − ℓs − ℓu + t)
4t3
− µ
4
t2
)
− (κ13 + κ24)
(ℓ3u(ℓu + 3s)
4u4
− ℓu(ℓu(2ℓ
2 − ℓs)− ℓ2s + ℓ2t + 4s(ℓ2 + ℓu + 2µ2))
4u3
− ℓ
2
s − ℓ2t + 3ℓ2u + 4ℓ2t+ 8µ2(ℓu − s+ µ2)
8u2
− ℓs − s
4u
)
− 2iǫ(1, 2, 3, ℓ)(κ13 − κ24)ℓ
2
u − uℓu − 2µ2u
u4
.
(4.50)
10Imposing that the snail numerator vanish would be ideal, but this is not consistent with the ansatz (4.10)
and the cuts in the N = 0 case.
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The other numerators are given by the kinematic relations (4.2) and (4.3). Explicitly, the
triangle numerator is
nscalartri = (κ23 + κ14)
(3ℓ3t s
4t4
− ℓt(ℓ
2
u − ℓ2s + ℓtℓu + 4s(ℓ2 + ℓt + 2µ2))
4t3
− ℓ
2
s + ℓ
2
t − ℓ2u + 8ℓtµ2 − 4s(ℓ2 + 2µ2)
8t2
+
2ℓ2 − ℓs + s
4t
)
− (κ13 + κ24)
(3ℓ3us
4u4
− ℓu(ℓ
2
t − ℓ2s + ℓtℓu + 4s(ℓ2 + ℓu + 2µ2))
4u3
− ℓ
2
s + ℓ
2
u − ℓ2t + 8ℓuµ2 − 4s(ℓ2 + 2µ2)
8u2
+
2ℓ2 − ℓs + s
4u
)
− 2iǫ(1, 2, 3, ℓ)
(
(κ23 − κ14)ℓ
2
t − tℓt − 2µ2t
t4
+ (κ13 − κ24)ℓ
2
u − uℓu − 2µ2u
u4
)
,
(4.51)
and the bubble numerator is
nscalarbub =− (κ23 + κ14)
(2sℓ2t
t3
+
4uℓ2 − ℓ2u + ℓ2t + ℓ2s − 8sµ2
4t2
+
ℓs − s
2t
)
+ (κ13 + κ24)
(2sℓ2u
u3
+
4tℓ2 − ℓ2t + ℓ2u + ℓ2s − 8sµ2
4u2
+
ℓs − s
2u
)
+ 4iǫ(1, 2, 3, ℓ)
(
ℓt
κ23 − κ14
t3
+ ℓu
κ13 − κ24
u3
)
.
(4.52)
There are also nonvanishing numerators for external bubbles and external and internal
tadpoles that can be obtained from eq. (4.3), but since these integrals integrate to zero we
do not display them here.
Assembling the pieces of the N = 0 amplitude for a fundamental or an adjoint scalar
is done along the lines of section 4.4. In both cases, the primitive color-stripped amplitudes
are the same, only the color dressing will differ between the gauge-group representations.
The primitive color-stripped amplitudes for a single scalar contribution in the loop are
known [65] to be:
AN=0,scalar4 (1
−, 2−, 3+, 4+) =
i〈12〉2[34]2
(4π)D/2
{
− 1
6st
I2(t)− rΓ
9st
}
, (4.53a)
AN=0,scalar4 (1
−, 2+, 3−, 4+) =
i〈13〉2[24]2
(4π)D/2
{
− rΓst
2u4
(
ln2
(−s
−t
)
+ π2
)
(4.53b)
−
(
s−t
2u3
− 1
6su
)
I2(s)−
(
t−s
2u3
− 1
6tu
)
I2(t) +
rΓ
2u2
− rΓ
9st
}
,
and indeed our construction agrees with these.
4.8 The MHV amplitude with fundamental N = 0 fermion matter
Here we present the MHV amplitude with a fundamental chiral fermion ΦfermionN=0 circulating
in the loop and external adjoint vectors VN=0, i.e. gluons. This amplitude is actually a
simple linear combination of the three amplitudes discussed above, so no extra work is
needed. Note that, as for the scalar case, we only give the MHV amplitude.
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The basic identity that we use is that a chiral fermion is obtained after subtracting
the scalar ΦscalarN=0 from the ΦN=1 multiplet. For the one-loop amplitudes this implies that
Afermion4 = AN=1,fund4 −Ascalar4 =
1
2
AN=2,fund4 +
1
2
AN=1,odd4 −Ascalar4 , (4.54)
where we used eq. (4.45). Hence we can define the fundamental fermion numerators as:
nfermioni ≡
1
2
nN=2,fundi +
1
2
nN=1,oddi − nscalari , (4.55a)
nfermioni ≡
1
2
nN=2,fundi −
1
2
nN=1,oddi − nscalari . (4.55b)
Note that, just as in the N = 1 case, the parity-odd contributions to the chiral fermion
amplitude come entirely from the odd N = 1 sector. Thus, interestingly, the chiral-
anomalous part of the chiral fermion amplitude effectively has N = 1 supersymmetry.
5 One-loop four-point supergravity amplitudes
In this section, we assemble the duality-satisfying numerators into various one-loop four-
point supergravity amplitudes. Similar to eq. (4.18), we write these amplitudes as
M1-loop4 =
(κ
2
)4∑
S4
(1
8
Ibox + 1
4
Itri + 1
16
Ibub
)
, (5.1)
where the three integrals correspond to the canonically labeled graphs in fig. 10, and the
rational prefactors compensate for overcount in the sum over the set S4 of 24 permutations
of the four external legs, as well as overcount in the phase space of the bubble graph.
5.1 Matter amplitudes
Here we check the double-copy construction for gravity amplitudes with external graviton
multiplets HN
11 and internal matter of the types shown in the right column of table 2.
First of all, consider the following double copy of the N = 2 numerators of section 4.5:
IN=2+2,matteri =
∫
dDℓ
(2π)D
nN=2,fundi n
N=2,fund
i + n
N=2,fund
i n
N=2,fund
i
Di
, (5.2)
which is a precise implementation of the last line and right column of table 2. Due to the
effective CPT invariance of the N = 2 matter numerators, this fundamental-representation
double copy gives exactly twice the known [10, 15, 28, 57] adjoint double copy,
IN=2+2,matteri = 2IN=4,matteri = 2
∫
dDℓ
(2π)D
(nN=2,adji )
2
Di
. (5.3)
11More precisely, to get HN multiplets, the external dilaton-axion multiplets X, X should be projected
out, which is straightforward for external states.
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The adjoint-representation double copy corresponds to a single VN=4 multiplet contribution
in the loop. Up to this factor of two, we recover theN = 4 matter amplitude, first computed
by Dunbar and Norridge in ref. [67]:
MN=4,matter4 (1
−−, 2−−, 3++, 4++) =
irΓ〈12〉4[34]4
(4π)D/2
1
2s4
{
− tu
(
ln2
(−t
−u
)
+ π2
)
+ s(t−u) ln
(−t
−u
)
+ s2
}
,
(5.4)
and the other component amplitudes are given by supersymmetry Ward identities.
Using the same relation for the N = 2 matter numerators, and additionally taking
into account that
nN=1,fundi + n
N=1,fund
i = n
N=2,adj
i , (5.5)
the fundamental-representation double copy in the second-to-last line of table 2 becomes
IN=2+1,matteri =
∫
dDℓ
(2π)D
nN=2,fundi n
N=1,fund
i + n
N=2,fund
i n
N=1,fund
i
Di
= IN=4,matteri . (5.6)
So these contributions also reduce to the adjoint-representation double copy (5.3) of the
amplitude (5.4), though this time without the factor of two.
The discussed two entries of table 2 can be regarded merely as a new perspective on
the corresponding adjoint-representation double copies. However, the remaining part of
the right column of table 2 is genuinely tied to the novel fundamental construction, and
not trivially related to adjoint double copies. For instance, the (N = 1)2 matter double
copy successfully exploits12 the chiral structure, giving
IN=1+1,matteri =
∫
dDℓ
(2π)D
nN=1,fundi n
N=1,fund
i + n
N=1,fund
i n
N=1,fund
i
Di
= 2IN=2,matteri ,
(5.7)
where the last identity indicates that this construction corresponds to twice the contribution
of a single non-chiral N = 2 matter multiplet. The graviton component of this matter
amplitude was computed in ref. [67] using non-chiral building blocks, its integrated form is
MN=2,matter4 (1
−−, 2−−, 3++, 4++) =
irΓ〈12〉4[34]4
(4π)D/2
{
− t
2u2
2s6
(
ln2
(−t
−u
)
+ π2
)
+
(t− u)(t2 + 8tu+ u2)
12s5
ln
(−t
−u
)
+
t2 + 14tu+ u2
24s4
}
.
(5.8)
The fact that our chiral double copy agrees with twice this amplitude is a highly nontrivial
check of our construction.
The remaining three entries of table 2 provide even more constraining checks of our
procedure, as they include the non-supersymmetric chiral-fermion numerators (4.55). We
verified that the double copy,
IN=0+0,matteri =
∫
dDℓ
(2π)D
nfermioni n
fermion
i + n
fermion
i n
fermion
i
Di
= 2IN=0,scalari , (5.9)
12Recall that N = 1 (chiral) adjoint matter works differently since it effectively hasN = 2 supersymmetry
and thus produces (N =2)2 = (N =4) matter in the double copy.
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reproduces twice the scalar-matter amplitude [67]:
MN=0,scalar4 (1
−−, 2−−, 3++, 4++) =
irΓ〈12〉4[34]4
(4π)D/2
1
2
{
− t
3u3
s8
(
ln2
(−t
−u
)
+ π2
)
+
(t−u)(t4+9t3u+46t2u2+9tu3+u4)
30s7
ln
(−t
−u
)
+
2t4+23t3u+222t2u2+23tu3+2u4
180s6
}
.
(5.10)
Replacing the left-copy fermion numerators by the chiral N = 1 numerators,
IN=1+0,matteri =
∫
dDℓ
(2π)D
nN=1,fundi n
fermion
i + n
N=1,fund
i n
fermion
i
Di
= IN=2,matteri , (5.11)
also reproduces the correct amplitude (5.8). Doing the same for N = 2 numerators,
IN=2+0,matteri =
∫
dDℓ
(2π)D
nN=2,fundi n
fermion
i + n
N=2,fund
i n
fermion
i
Di
= IN=2,vectori , (5.12)
results in the correct VN=2-vector amplitude, which can be otherwise calculated as
MN=2,vector4 (1, 2, 3, 4) =M
N=4,matter
4 (1, 2, 3, 4) − 2MN=2,matter4 (1, 2, 3, 4) . (5.13)
In addition, even if they are not included in table 2, we note that the fundamental
scalar numerators of section 4.7 also produce sensible double copies at one loop, such as
IN=0′+0′, scalarmatteri =
∫
dDℓ
(2π)D
nscalari n
scalar
i + n
scalar
i n
scalar
i
Di
= 2IN=0,scalari , (5.14)
which integrates to twice the scalar-matter amplitude (5.10). However, this is equivalent
to the adjoint construction of refs. [15, 57]. Eq. (5.5) also implies that the double copy
IN=1+0′,matteri =
∫
dDℓ
(2π)D
nN=1,fundi n
scalar
i + n
N=1,fund
i n
scalar
i
Di
= IN=2,matteri , (5.15)
trivially follows from the adjoint double copy (N =2, adj)×(N =0, scalar), which integrates
to the N = 2 matter amplitude (5.8).
While the double copies involving scalars work flawlessly for one-loop amplitudes with
external graviton multiplets, we expect similar constructions to be more problematic or
ambiguous at higher loops. In particular, as far as we know, the scalars cannot be used to
obtain pure gravity amplitudes at two loops and higher. Furthermore, in the absence of
supersymmetry, the scalar self-interactions are not fixed by universal considerations.
5.2 Pure gravity amplitudes
In the previous section, we checked that our fundamental numerators produce all the
matter-amplitude double copies from table 2. Based on that and the conventional adjoint-
representation double copies, we can now formulate what the recipe in section 3 gives for
pure (super-)gravity four-point13 one-loop amplitudes. We will not write out the explicitly
13In principle, the formulas in this subsection are valid for any multiplicity at one loop, once the corre-
sponding numerators are known.
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=GR
2
YM
− 2 ×
mattermatter
Figure 15: Construction of a pure gravity amplitude by subtraction of axion and dilaton. At one
loop, the matter contribution can be from either a fermion or a scalar.
integrated forms of the one-loop four-point amplitudes, as they can be found in ref. [67].
After integration, all our amplitudes agree with the results therein.
As in illustrated in fig. 15, the integrals for pure Einstein gravity, or general relativity
(GR), in our framework are given by
IGRi =
∫
dDℓ
(2π)D
(nYMi )
2 − 2nfermioni nfermioni
Di
. (5.16)
The pure YM numerators can be easily constructed from the numerators (4.14), (4.28) and
(4.50) through the well-known [68] one-loop supersymmetry decomposition. This decom-
position, for both numerators and amplitudes at one loop, is given by
nYMi = n
N=4
i − 4nN=2,adji + 2nadj scalari ,
AYMm = AN=4m − 4AN=2,adjm + 2Aadj scalarm .
(5.17)
The fermion ghosts in eq. (5.16) subtract the dilaton and the axion contributions. However,
due to the fact that at one loop double copies of anti-aligned chiral fermions are equal to
scalar double copies, the same integrals can be reproduced simply as
IGRi =
∫
dDℓ
(2π)D
(nYMi )
2 − 2(nadj scalari )2
Di
. (5.18)
Although the latter construction is nice, the higher-loop cut checks from section 3.4 suggest
that this equality is accidental. The fundamental-fermion framework resulting in eq. (5.16)
is the one that should be generally valid at higher loops.
The pure N = 1 supergravity amplitude is generated by the following integrals:
IN=1SGi =
∫
dDℓ
(2π)D
nN=1SYMi n
YM
i − nN=1,fundi nfermioni − nN=1,fundi nfermioni
Di
, (5.19)
and the integrals for pure N = 2 supergravity are given by
IN=2SGi =
∫
dDℓ
(2π)D
(nN=1SYMi )
2 − 2nN=1,fundi nN=1,fundi
Di
. (5.20)
The numerators for N = 1 SYM can be constructed from the numerators (4.14) and (4.28)
through the following one-loop supersymmetry decomposition [68]:
nN=1SYMi = n
N=4
i − 3nN=2,adji . (5.21)
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In eqs. (5.19) and (5.20), the matter ghosts subtract the contributions from one and two
N = 2 matter multiplets, respectively.
Alternatively, we can write the pure N = 2 supergravity using the integrals
IN=2SGi =
∫
dDℓ
(2π)D
nN=2SYMi n
YM
i − nN=2,fundi nfermioni − nN=2,fundi nfermioni
Di
, (5.22)
where the ghosts cancel a VN=2 multiplet, i.e. an abelian vector multiplet. The numerators
for N = 2 SYM can be constructed from the numerators (4.14) and (4.28) through the
following decomposition [68]:
nN=2SYMi = n
N=4
i − 2nN=2,adji . (5.23)
The fact that the above two very different constructions of pure N = 2 supergravity give
the same amplitude is highly nontrivial. If our prescription does not encounter unexpected
obstructions at higher loops, this nontrivial equality should be true in all generality.
The pure N = 3 supergravity amplitude is obtained through the integrals
IN=3SGi =
∫
dDℓ
(2π)D
nN=2SYMi n
N=1SYM
i − nN=2,fundi nN=1,fundi − nN=2,fundi nN=1,fundi
Di
,
(5.24)
where the ghosts subtract out a VN=4-vector multiplet, equal to the combination of two
N = 3 chiral multiplets.
Although pureN = 4 supergravity is a factorizable theory, meaning that its amplitudes
and integrals can be written as an adjoint double copy of pure YM theories,
IN=4SGi =
∫
dDℓ
(2π)D
nN=4SYMi n
YM
i
Di
, (5.25)
they can also be obtained through a fundamental-representation double copy
IN=4SGi =
∫
dDℓ
(2π)D
nN=2SYMi n
N=2SYM
i − 2nN=2,fundi nN=2,fundi
Di
. (5.26)
Similarly to the N = 2 case, that these two very different constructions of pure N = 4
supergravity give the same amplitude is a nontrivial result [10, 69].
With that said, we have gone through all the cases listed in table 2. Our double-copy
prescription produces the correct one-loop four-point amplitudes for N = 0, 1, 2, 3, 4 pure
supergravities, as confirmed by comparing to the previously known results [67].
6 Conclusion and outlook
In this paper, we have extended the scope of color-kinematics duality to matter fields in
the fundamental representation. As we showed through various examples, this allows us to
construct gravity scattering amplitudes in a broad range of (super-)gravity theories using
the double-copy prescription. This includes Einstein gravity, pure N < 4 supergravity, and
supergravities with arbitrary non-self-interacting matter.
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The main focus of this work is to address the issue of unwanted matter degrees of
freedom propagating in the loops that appear when one attempts to construct pure N < 4
supergravities using the color-kinematics duality. Such supersymmetric dilaton-axion mat-
ter is inherent to the standard double copy of adjoint-representation gauge theories. Using
the fundamental representation for YM theory matter gives us a means to differentiate these
fields from the adjoint ones, so that the double copies can be performed separately. If we
promote the matter double copies to be ghosts, they cancel the unwanted matter states
in the double copy of the vector fields. Moreover, the ghost double-copy prescription,
ci → (−1)|i|n′i, can be easily extended to a tunable-matter prescription, ci → (NX)|i|n′i,
thus producing theories with any number of matter multiplets coupled to gravity.
We have presented nontrivial evidence supporting our framework using examples both
for tree and loop-level amplitudes, as well as more general arguments. At tree level, we
have checked the construction of gravitational amplitudes with non-self-interacting mat-
ter though seven points, with the most general external states. At one loop, we have
constructed the color-kinematics representation of four-gluon amplitudes with general fun-
damental matter circulating in the loop. Using the double-copy prescription, we have ob-
tained the one-loop four-graviton amplitudes in Einstein gravity, pure N < 4 supergravity
and supergravity with generic matter.
Our explicit calculations give novel and simple forms for YM numerators containing
N = 2, 1 supersymmetric fundamental matter, as well as non-supersymmetric fundamental
scalars and fermions. Equivalent numerators that satisfy the color-kinematics duality were
known [10, 15, 28, 57] for all but the odd part of N = 1 the matter contribution, which we
give in eq. (4.41). After integration, our new representations of one-loop gravity amplitudes
are in full accord with the results of Dunbar and Norridge [67]. Moreover, they provide
a direct check of the nontrivial equality of the symmetric N = 1 + 1 and the asymmetric
N = 2 + 0 supergravity construction.
At two loops, we have checked the consistency of the construction of Einstein gravity
and pure N < 4 supergravity. We considered four-dimensional unitarity cuts of two-loop
amplitudes, and applied the ghost prescription to the matter double copies. The cuts
show that, when using double copies of fundamental fermions, our construction correctly
eliminates the unwanted dilaton-axion degrees of freedom naturally present in the double
copy of pure YM theory. We have checked that the same cancellation happens in the
supersymmetric generalizations. The two-loop checks also show that when using double
copies of fundamental scalars the cancellation with the dilaton-axion states is incomplete.
Table 2 summarizes the valid double copies for the matter ghosts.
While the double copy of fundamental scalars is unsuitable for the construction of
Einstein gravity, it is interesting to note that the fundamental-scalar amplitudes non-
trivially satisfy the color-kinematics duality. The resulting double-copy amplitude should
correspond to some gravitational amplitudes that are corrected by four-scalar terms and
possibly higher-order interactions. We leave the details of the non-supersymmetric double
copy of fundamental scalars for future work.
While our construction of pure supergravities passes many nontrivial checks, it is well
known that higher-loop calculations can be plagued by subtleties coming from dimensional
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D Aµ⊗Aν= φ⊕hµν⊕Bµν tensoring matter (matter)2= φ⊕Bµν⊕Dµνρσ ⇒ states
3 1⊗ 1 = 1⊕ 0⊕ 0 λ⊗ λ 1⊗ 1 = 1⊕ 0⊕ 0 topological
4 2⊗ 2 = 1⊕ 2⊕ 1 (λ+⊗λ−)⊕(λ−⊗λ+) (1⊗ 1)⊕(1 ⊗ 1) = 1⊕ 1⊕ 0 hµν
5 3⊗ 3 = 1⊕ 5⊕ 3 λα⊗ λβ 2⊗ 2 = 1⊕ 3⊕ 0 hµν
6 4⊗ 4 = 1⊕ 9⊕ 6 (λα⊗λβ)⊕(λ˜α˙⊗λ˜β˙) (2⊗ 2)⊕(2 ⊗ 2) = 1⊕ 6⊕ 1 hµν ,Dµνρσghost
10 8⊗ 8 = 1⊕ 35⊕ 28 λA⊗ λB 8⊗ 8 = 1 ⊕ 28 ⊕ 35 hµν ,Dµνρσghost
Table 3: On-shell state counting for pure bosonic gravities in various spacetime dimensions.
Subtracting the matter double copies from the vector double copies gives the correct states in
the pure theories in dimensions D = 3, 4, 5, but for D = 6, 10 the naive approach gives excess
cancellations resulting in a four-form ghost.
regularization. Thus it is important that our prescription is carefully scrutinized by explicit
L > 1 calculations in both pure and matter-coupled supergravities. Starting at two loops,
the scheme-dependence of different types of dimensional-regularization prescriptions would
be interesting to study.
It would be also interesting to see how our double-copy prescription for pure gravities
can be extended beyond D = 4− 2ǫ dimensions. For instance, in table 3, we provide some
prospective integer-dimensional constructions of this kind, ranging fromD = 3 toD = 10 in
the non-supersymmetric setting. As shown, starting in D = 6 the naive ghost prescription
appears to need a modification in order to avoid over-cancellation of the physical states.
In conclusion, we expect that our results will open a new window into the study
of pure N = 0, 1, 2, 3 supergravity multiloop amplitudes and their ultraviolet properties.
Pure Einstein gravity is known to have a divergence in the two-loop effective action, as
was proven in refs. [70–72] using computerized symbolic manipulations. The N = 1, 2, 3
theories are known to have no divergences at one and two loops due to supersymmetry [73–
76], but the status of these theories at three loops and beyond is unknown. It would be
interesting to reinvestigate the N < 4 theories from the modern point of view using new
analytic methods and structures, including the current results, in hope of gaining better
understanding of the structure of quantum gravity.
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A Specific matter interactions
In this appendix, we list the types of YM interactions that we consider in this paper. First
of all, let us separate the pure vector interactions from the matter contributions, then the
Lagrangian is
L = Lpure SYM + Lmatter . (A.1)
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For example, in the non-supersymmetric case LpureYM = −14F aµνF aµν , with the following
normalization for the field strength F aµν = ∂[µA
a
ν] − ig/
√
2f˜abcAbµA
c
ν .
In case we have a single fundamental complex scalar, the matter Lagrangian is
Lscalar = (Dµφ)¯(Dµφ)j − g
2
4
(φi¯T
a
i¯φj)(φk¯T
a
kl¯φl) , (A.2)
where (Dµφ)j = ∂µφj − ig/
√
2T a
jk¯
Aaµφk. Note that we include a four-scalar contact term
since it is needed when generalizing to supersymmetric theories below. We still regard
theories with such a contact term “non-self-interacting” in the sense that they contain no
self-interactions beyond those required by supersymmetry and gauge invariance.
For a single fundamental Weyl fermion ψk, the matter term is the usual one
Lfermion = ψ˜α˙¯ i /Dα˙αjk¯ ψαk , (A.3)
with the covariant derivative /D
α˙α
jk¯ = σ
α˙α
µ
(
δjk¯ ∂
µ − ig/√2Aµ
jk¯
)
. In our convention, the field
ψ (ψ˜) carry the on-shell mode corresponding to a negative (positive) helicity fermion.
For the supersymmetric cases, the kinetic parts of the matter interactions are similar
when written in terms of the individual physical components of the multiplet. Additionally,
due to supersymmetry, Yukawa interactions between the adjoint fermion λ (and scalar
ϕ12) in the vector multiplet and the matter fields are also present. Explicitly, the matter
contributions are
LN=1matter = Lscalar + ψ˜α˙¯ i /Dα˙αjk¯ ψαk + gψ˜α˙¯λ˜α˙jk¯φk + gφ¯λαjk¯ψαk , (A.4)
and
LN=2matter = ψ˜α˙¯ i /Dα˙αjk¯ ψαk + ψα¯ i /Dαα˙jk¯ψ˜α˙k + gLYukawamatter + Lbosonicmatter , (A.5)
where the Yukawa interactions are
LYukawamatter = (ψ˜α˙¯λ˜α˙Ajk¯ + ψα¯ λAαjk¯)φAk + φ
A
¯ (λ
α
Ajk¯ψαk + λ˜α˙Ajk¯ψ˜
α˙
k ) + ψ
α
¯ ϕ12jk¯ψαk + ψ˜α˙¯ϕ
12
jk¯ψ˜
α˙
k ,
(A.6)
and the purely-bosonic matter is given by
Lbosonicmatter = (DµφA)¯(DµφA)j −
g2
2
φ
A
¯ {ϕ12, ϕ12}jk¯ φAj +
g2
4
(
φ
A
ı¯ T
a
i¯φAj
)(
φ
B
k¯ T
a
kl¯φBl
)
− g
2
2
(
φ
A
ı¯ T
a
i¯φBj
)(
φ
B
k¯ T
a
kl¯φAl
)
.
(A.7)
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